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010 Ooobd

obboooboooboooboooobooobboobooOoooOooooboooboOoOobooOoOoOoHT™L OO PDFOO
U000000D000D00OSaged 000000 DOO0ODOOODOOODO @MODOODOODOODO Sagei O
0000000000 0000000 Help,OODO TuterialUDOOODOONO)O

Sage 0O 0OODODODODO PythonOODOOOOOOOOOOO0OO0OO0DODOOOOOOOOOOO0O0OOO Python
oboooooobooobooooo pythonUO0 0000000000 @OOODOOODO)YWDOOODOO
o000 PythonOOODOOOOO [PyBJ]OOOODOODOOOOODOOOODOOOOODOOODOOOO
Ub000o0bo0oo0on0oOo Seaged00O0obOOoobOOo0obOobOOoOoOoOOoOoOOobOOOoOOOOOObOOOn
ooooo:

sage: 2 + 2

4

sage: factor(-2007)
-1 * 342 * 223

sage: A = matrix(4,4, range(l6)); A
[0 1 2 3]
[4 5 6 7]
[ 8 9 10 11]
[12 13 14 15]

sage: factor(A.charpoly())
xXA2 * (x72 - 30*x - 80)

sage: m = matrix(ZZ,2, range(4))
sage: m[0,0] = m[0,0] - 3

sage: m

[-3 1]

[ 2 3]

sage: E = EllipticCurve([1,2,3,4,5]);
sage: E
Elliptic Curve defined by yA2 + x*y + 3%y = xA3 + 2%x42 + 4*x + 5
over Rational Field
sage: E.anlist(10)
[6, 1, 1, 6, -1, -3, 0, -1, -3, -3, -3]
sage: E.rank()
1
(ooooooog)
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(Cooooooooo)

sage: k = 1/(sqrt(3)*I + 3/4 + sqrt(73)*5/9); k
36/(20%sqrt(73) + 36*I*sqrt(3) + 27)

sage: N(k)
0.165495678130644 - 0.0521492082074256*I
sage: N(k,30) # OO0O 30000

0.16549568 - 0.052149208*I
sage: latex(k)
\frac{36}{20 \, \sqrt{73} + 36 i \, \sart{3} + 27}

11 000000

00 Sage0000000DOODODOOOOOOOOODODOODODOOODOOOOOODOOODOODODOO
OO http://sagecell.sagemath.org OO0 0O0O0O0O0OOOOODOOOOOO

Sage U0 DOO00O0O0OOOODOODOOOOODOODOODOODODO SageJOOODDO [SAJODOOO
00000000000 "Sage Installation Guide"0 0 D0 0000000000000 O0O0O0OO0OO0ODOO
goog

1. Sage 0000000000 DOOO0O0O0O0DOOOO0DOODOODOUOSage D Python, IPython, PARI,
GAP, Singular, Maxima, NTL, GMPUO O OO O0OODOOODOODOODODO SageOOODODOO
O00o0oo0ooO0O0o0000O0O0O0000DO0O00000DbO0O00000DOOMacaulay D KASHO
oo0ooO0b0O0o0obOO0bO0o0obOOobo00OobOon SageOO0OO0OoOoobOOoOoOoOobOOoOOoOnO
gboooboobooboboobobooboboobobooboboooboob @obobo
O0000000000000D0000, sage -optional D0 OU0OO0O0D00ODODO SageO OO
OO0 "Download'DO0O0O00D0OOO)O

2. 0000000000000 Sage(Sage O OUODOO)OOoOooOooOOoOoOooooobooOoOoOoDOO
gboboooboboobobonooobobobioobO sagedogboooobobonbog
good

3. SageTeX ODODOOOOODODODOOODOO (SageTeX O Sage DO DO OO0 LaTeXO DO OOOODOOO
O0000oDHoooOoOD TeXOOOOOOOOOOOD SageTeXOOOOOOOODODOOOOO
0000000 Sage installation guide O O "Make SageTeX knownto TeX" O OO OO00OD0OO (00O
ooboooboo oo oboobooboobooo)fooooboooboooobooboooboooooaoon
obooob00 TeXOOOOOoooOooOOoOooOobo1oboooooboooooboo

SageTeX 0 0 O O O O O O O O$SAGE_ROOT/venv/share/texmf/tex/latex/sagetex/ 0O 0O O O
$SAGE_ROOT O Sage DO D OOOODODOOODODODODOODODO /opt/sage-9.6 OO O
ooooooooo

4 010 0000
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1.2 SageO0 00O 0O

Sage U0 DOODO0ODOOOOODODODOODOO

s JU0U0UDDU0ODDUO0O0DU0O0OD0DDOOUD: sage -n jupyter OO O0O. Jupyter documentation
on-line O 0O.

gbbooboobood-oboobo booboabo

O00000D:Sage0 000000000 DODOOOO0O0ODODODOOOO0O0ODODO (Sage O
gbooooobooooboobooooobooboo)oooo

OO00000D0:Sage0000D00O0O0OOOODOOOOOO PythonODOOOOODOO (WODOOO
OO0 Python/Sage DO OO DO OOOO).

1.3 Sage1 0000

s 0O00:Sage 0 000DODOOOOOOODOOODOOO(@OODODODOOODDOOO)DOODODOO
gbobooooooboooboobooobooboboooooooooboobooboboooaon
obobo0oooOdboSage00OOobOOoOoOooooooooboOobOOoOoOoOobooboooobobon
oo0oo00ooooooboobobooooboobooDob0obOob0bSagedogoobobooOoO
gbooobOoobooooboboooboobooon

- 0J00:000000000Sage GMP,PARL, GAPNTLOOOOOOOOOOOOOOOOOO
obooooobooooobobooooboobooboobooooDbooo

- J0000OO0OO0OOODOO:-000DLO0O0DOODOOOOOOODOOODOOOOODOODOODOO
U0O000000 SageO0000O0O00O0O0ODOOOOODOOOOODOOOOODOOOODOOO
ooboooooobooobooooboooboooboobbooboobooboooooboobbooboooo
gobooboboobooooooboobooobooooboooboooboooboooboooboaoo
obobOoboboboobobooooooooooooboooobnononn SageOoooooo
O00000000 Sage0 00000000 O0DOO0O0OO0O0OOOOOOOODOSagedOooonO
obooooobooooobobooooboobooobooboooobooo

- 00000D00O0O0: Sage O LinuxD OSXODOOO WindowsOOODODOOOODOOOODOOOO
ob0oboobOo0o0O0obooboob0oobooboooobobooonbOon SageOOOoooooOOonO
oooobooooo

e 0 0ODO: Sage O OPARIO GAPO Singulard) Maximald KASHO Magmal MapleO 00 O O Mathematica
0000000000000 000ooo0oooooooooooooooOOSaged 0O OOO
gooooOooooOooooODOODOOOOOO

gboboobodo:-00b000o00obboooboobooobooooooboobooooboboooobooon
boobOobooooboboooobobooooboooooon

gbob:0000000bo0oboboobooboobobobobooboobooboboooboan
gbobooboboooobdoboooboobooooboooooooboooooaoon

- J0000O00O0CO:0D0O00DO0O0OO0O0OODOOODOOOOOOOObOOODbOOOOOOOnOO
gogbooobooobooboboaoobooobooobooobbooobooobooobooa
gboooboooboobon

1.2. SageOOOO0O 5
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(120 Sagell 000

O0000OO0SageCOOOOOOOOOOOOOOOO0O0OO0OOOO0OOUO ...O0ODOOOOOOOOO
00000000000 "Sage Constructions"0 0 0000000000 0OOOO0OODOOOOOODOOOO
00O "Sage Reference Manual"O OO0 OO 0OO000OOO00ODO0OOO0OCOSage00D0OOOOO HelpODOOO
goooooooooooOoOoOoOoOoOoOoOOOOOOOOODOOOO

@Oo0DboO0O00bDbDb SegedbbOo0ooobbOOO0OOOobDOODODDODOOODDOOOODO
shift-enter D0 0O0O0O0DO shift-enter 000000000 0DODOOOODODODODODO
O00OMacOOODOOO shift-enter 0000 shift-return0000000000D00O0O0O)

21 0000000000

U000000000b000Sage0 000000000 PythonOOOODOOOOOPythonOOODOOO
00 Sage0O0O00OO0OOOO0ODOODO

Sage 0O OO0O0D=0000000=0<=0>=0<0>00000

sage: =5

a
sage: a
5

sage: 2 == 2
True

sage: 2 == 3
False

sage: 2 < 3
True

sage: a == 5
True

oboooooooooooon:

sage: 2%*3 # ** 000000000
8
sage: 273 # A0**00000000000 (PythonOOOODOOO)
8
sage: 10 ¥ 3 # OD0OOO0O0O0O %0 mod, OOODOOOOOO
1
sage: 10/4
5/2
@ooooooo)
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(Cooooooooo)
sage: 10//4 # JOOOOO /00000

sage: 4 * (10 // 4) + 10 % 4 == 10
True

sage: 342*4 + 2%5

38

322%4 + 2500 000000000O000O0OCOOO0OOOOOOOOO0OOO0OOOObOObOO0n
googobooboboboobooboobd

Sage 00 DODOOOOODODOOOOODODOOOODDOOOOODODOOOOOOODODOOOO
gboooooo:

sage: sqrt(3.4)
1.84390889145858
sage: sin(5.135)
-0.912021158525540
sage: sin(pi/3)
1/2*sqrt(3)

obooooboooobooboooobobooooobooooobooboooobooboooooobon
0o0o00oobo00n000000D00nDO00@OO0OO000DO0000D0 numerical_approxO 00O
oobooNOnOODOOOOHOODOOODOODOOODOODOODOO precO000DbOOOODOODOO
digitsO00OOO0O00OO0OO0S3000000000000D0O0

sage: exp(2)

eA2

sage: n(exp(2))

7.38905609893065

sage: sqrt(pi).numerical_approx()
1.77245385090552

sage: sin(10) .n(digits=5)

-0.54402

sage: N(sin(10),digits=10)
-0.5440211109

sage: numerical_approx(pi, prec=200)
3.1415926535897932384626433832795028841971693993751058209749

Python OO O ODOOODOOOOODOOOOODDODOODOOOOODOOOOODOODOOOODOODO
oo0ooooOooboOpPythonDOOOO0DO0OOOODODODOOOODODOOOODOOOODOOOODO:

sage: a = 5 # alOO
sage: type(a)
<class 'sage.rings.integer.Integer'>
sage: a = 5/3 #alUOOOOOOO
sage: type(a)
(CoooDooDo)

8 020 SageOOoOooOnO




Sage0 0O O0O0OO,0000 10.3

(Oooooooooog)
<class 'sage.rings.rational.Rational'>
sage: a = 'hello' # OO0 alOO0O
sage: type(a)
<... 'str's

oobooooooobocoboooobooooboooooboOoooboooooboboOboOooooDboOoOn (iny
gboooobooobooboboooobooooboobooooono

22 000000

SageUO0O0OO0O0OOOOODOOODOOOOODOOO@OO)OOOODODOODOOOOOOOO?0O00O
ooooooooooooooooo:

sage: tan?
Type: <class 'sage.calculus.calculus.Function_tan'>
Definition: tan( [noargspec] )

Docstring:

The tangent function

EXAMPLES:

sage: tan(pi)
0
sage: tan(3.1415)
-0.0000926535900581913
sage: tan(3.1415/4)
0.999953674278156
sage: tan(pi/4)
1
sage: tan(l/2)
tan(1l/2)
sage: RR(tan(1/2))
0.546302489843790

sage: log2?

Type: <class 'sage.functions.constants.Log2'>

Definition: log2( [noargspec] )

Docstring:

The natural logarithm of the real number 2.

EXAMPLES:
sage: log2
log2
sage: float(log2)
(ooooooo)

22. 000000 9
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(Oooooooooog)
0.69314718055994529
sage: RR(log2)
0.693147180559945
sage: R = RealField(200); R
Real Field with 200 bits of precision
sage: R(log2)
0.69314718055994530941723212145817656807550013436025525412068
sage: 1 = (1-log2)/(1+log2); 1
(1 - log(2))/(log(2) + 1)
sage: R(1)
0.18123221829928249948761381864650311423330609774776013488056
sage: maxima(log2)
log(2)
sage: maxima(log2).float()
.6931471805599453
sage: gp(log2)
0.6931471805599453094172321215 # 000 32000
0.69314718055994530941723212145817656807 # 0O 64000
sage: sudoku?
File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py
Type: <... 'function'>
Definition: sudoku(A)

Docstring:

Solve the 9x9 Sudoku puzzle defined by the matrix A.

EXAMPLE:
sage: A = matrix(zz,9,[5,0,0, 0,8,0, 0,4,9, 0,0,0, 5,0,0,
9,3,0, 0,6,7, 3,0,0, 0,0,1, 1,5,0, 0,0,0, 0,0,0, 0,0,0, 2,0,8, 0,0,0,
9,0,0, 0,0,0, 0,1,8, 7,0,0, 0,0,4, 1,5,0, 0,3,0, 0,0,2,
0,0,0, 4,9,0, 0,5,0, 0,0,3])

sage: A

[S000860049]
[O00 05000 30]
[06 730000 1]
[T5000000 0]
[O0 020800 0]
[O0 00000 18]
[70000415 0]
[063000200 0]
[49005000 3]

sage: sudoku(A)
[5136872429]
[8495216 3 7]

[267349581]
(ooooooo)

10 020 SageOOoOooOnO
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(Cooooooooo)

[158463972]
[97 421836 5]
[3267954138]
[78293415 6]
[63517289 4]
[4918567 2 3]

000 Sage0O0O000O0O0OOO0OOO0DOOOOOOTABOOOOODOOODOOODOOOOOOOOOO
0o0o00b0oo0o0obOoUD tabO0OO0OO TABOOOUODOOSage O tachyon, tan, tanh,taylor [
gboboobooboooboooboooboooboooboobooooooboooboobooboooon

23 00,000000000000

Sage 00 OD0OOOOOO0O0ODOdef000000DDOOOOOOOOODD :DODODODOOOOO
ooo:

sage: def is_even(n):
I return n % 2 ==

sage: is_even(2)

sage: is_even(3)

ob:000b00b0oboooooobobooooooboboooooboboo200000bD0DbOO
....gbooooooobooboogoobooobobooooooobooooooboooobooooooOoooboOoooo
gboboooooboooobooboboboobobooboobOobOoboboobo0oOooOon0g Return/Enter
obooobooboboooboboooobobooobOoboooon

gbooouobooobooboobooooboboooooboooboooboobooooboboooobooboon
Ubobooooo0ooboobOOobOobobD divisorDOO0OOO0OO0O0O0O000O divisor=2000000
oooo:

sage: def is_divisible_by(number, divisor=2):
P return number % divisor == 0
sage: is_divisible_by(6,2)

sage: is_divisible_by(6)

sage: is_divisible_by(6, 5)

gboooobooooboobooooboboooooboooboobobooooboboooobooboon
obooooboooobooboooooon:

23. 00,000000000000 11
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sage: is_divisible_by(6, divisor=5)

False

sage: is_divisible_by(divisor=2, number=6)
True

Python OO ODOOOOO0OOOOODOODOOOO0O0C0OO0ODOOBbBegin-end00000O00O0O0O0OO0OO0O
oboooooobOpythonDO0OOO0OOO0OO0OOODOOODOODOODOO@OODH)OODOODOO
bobooobdbf reeurnd00000oO0OoOoOoOobOO0obOOoOOoO0OOO0OOOOODOODOODODbDOn
gboooooboooooboooa:

s N

sage: def even(n):

Ay v = []

cooot for i in range(3, n):
caeat ifi%2==0:
P v.append (i)
ceaat return v

Syntax Error:

return v

oboooobooooobooboooobobooooboOobooooooo:

sage: def even(n):

ceeat v = []

ceaat for i in range(3,n):
noaak ifi%2==0:
ceeat v.append (i)
noook return v

sage: even(10)

[4, 6, 8]

boboooooooooooooboboboooobooboooooobDoboboboob1oboo
gbooobooboooboobooooboobooooboooon:

sage: a = 5; b=a + 3; ¢ = b*2; c
64

100b00b0ooooboboooboobobobooboobooooobobooboooboobon:

Sage U0 O0OOOOOOOOODOOODOOO0ODOOO0ODOOOOODOOODOOOOOOODOO 1000 C++0O
JavaO DO OO for(i=0; i<3; i+ O0O0OO0OOODOOO:

sage: for i in range(3):
eeeat print(i)
(CooOoDoooo)

12 020 SageOOoOooOnO




Sage0 0O O0O0OO,0000 10.3

(Cooooooooo)

000000Db000 for(i=2;ikS;i+) 00000000

sage: for i in range(2,5):
P print(i)

range 00000000000 OO00OO0O00O0,000000 for(i=1;i<6;i+=2)0000000O0O.

sage: for i in range(1,6,2):

P print(i)

SageUUDOUOODOOO0OOOOOODOOODOOODOOOOOOOOOOODOOOOODOOODOOODOOOO
obobooooooobooboboooooobogb ebobooboOobOObOOOOO 20030000
goooog

sage: for i in range(5):
P print('%6s %6s %6s' % (i, ir2, 143))

0 0 0
1 1 1
2 4 8
3 9 27
4 16 64

Sagee 00O 0OOO0OO0OODOOOOOOOOOOOOOOODOOOOOODODOOOOODODOOOOO
obboob0db0Oranged 00000000 O0OO0ODOOO

sage: list(range(2,10))
[2, 3, 4, 5, 6, 7, 8, 9]

gboooooboooooboooa:

sage: v = [1, "hello", 2/3, sin(x*3)]
sage: v
[1, 'hello', 2/3, sin(x*3)]

gboooobooooobooboboooboboooboooobOononon

23. 00,000000000000 13
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sage: v[0]
1

sage: v[3]
sin(xA3)

viOOooOoooooO len(vyJOOO vOODODOOOOOOOOOOODOOOOOO v.append(obj)
oboo0vO:00000000000000 del v[ilODO:

sage: len(v)

4

sage: v.append(1.5)

sage: v

[1, 'hello', 2/3, sin(x*3), 1.50000000000000]
sage: del v[1]

sage: v

[1, 2/3, sin(x*3), 1.50000000000000]

gbobooboooobooboobooooboob @oboobooo)obooboobooobooboooaon
oboooobooooboobooooboboooooboooooboOobobooobobooooooboon
oooboooboobooooboboboooooboooo)o

sage: d = {'hi':-2, 3/8:pi, e:pi}
sage: d['hi']

-2

sage: d[e]

pi

gobgboboaoboabuoobuogbooobobbobooaoboobouobooboboooboaboa
Ob0O0O0OSageOODO0DOOO0OOOOOODOODOODOOODOODOODOOODOODODORODODOODOO
gbooboobobobooboboooobooooboob list00gnooon

sage: class Evens(list):

ao- def __init__(self, n):

R self.n = n

P list.__init__(self, range(2, n+l, 2))
ceeat def __repr__(self):

ceeat return "Even positive numbers up to n."

bobooooooooobooboobOoD _finit__ 000000000 __repr__ 000000000
00000000 _init__0000020000000000000000000000 EvensOOO
obooooobooooobobooooob:

sage: e = Evens(10)
sage: e

Even positive numbers up to n.

eJU00000DO0ODLOOD _repr__ 0000000000 OOO0ODOODOOOODOODOOOODOO

14 020 SageOOoOooOnO
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oooooooboo0 list0ooogo:

sage: list(e)
[2, 4, 6, 8, 10]

ndgoogoogb edbobbOobbOOobOOObOOOnOd

sage: e.n
10

sage: e[2]
6

24 0 00000OOOO
Sage 1000000000000 DOOODO0ODOODOOONOOONDODODNOOOOOODOOOO
0000000000000 000000000000000000000 Sage Constructions 00000
000000000000000

241 000000

goboboboobooo

solve OO DOOOOODOOOOODOODOOOOODOODOOOOODOOOOOOODOOOOOOODOO
obooooo@oobooboO)obooobouobo selveOOOOooooooOQ:

sage: x = var('x")
sage: solve(x*2 + 3*x + 2, X)
[X == —2’ o == —1]

goboboboobobooboobooboobooboobon:

sage: x, b, ¢ = var('x b c")
sage: solve([x*2 + b*x + ¢ == 0],x)
[x == -1/2%b - 1/2*sqrt(b*2 - 4*c), x == -1/2*b + 1/2*sqrt(b*2 - 4*c)]

gboobooooooobooogd:

sage: x, y = var('x, y")
sage: solve([x+y==6, x-y==4], X, y)
[[x ==5, y == 1]]

O0JasonGrout 0O 0O O0O0OO0OOSage 000000000 O0OOOOOO0ODOODOODOODOOOOOOO
oboooooooon:

24. 0000O0OOOOO 15


http://doc.sagemath.org/html/en/constructions/

Sage0 0 UJO0OO0O,0000 10.3

sage: var('x y p q')

&, vy, p, ©

sage: eql = p+q==9

sage: eq2 = Q*y+p*x==-6

sage: eq3 = q*yr2+p*xA2==24

sage: solve([eql,eq2,eq3,p==1]1,p,q,X,y)

[[p==1, q ==8, x == -4/3*sqrt(10) - 2/3, y == 1/6*sqrt(10) - 2/3], [p == 1, q == 8,
x == 4/3*sqrt(10) - 2/3, y == -1/6%sqrt(10) - 2/3]1]

obooooooboooooboboooog:

sage: solns = solve([eql,eq2,eq3,p==1],p,q,X,y, solution_dict=True)
sage: [[s[p]l.n(30), s[ql.n(30), s[x].n(30), s[y].n(30)] for s in solns]
[[1.0000000, 8.0000000, -4.8830369, -0.13962039],

[1.0000000, 8.0000000, 3.5497035, -1.1937129]]

ngdO0dooo0ooobO0obooooob.n0O00000O0D0O0DOOO0OOODOO0OOOOODOOO0

goboboboobooo

oboodobo@oooooo)bibod selvelOOOOOOOOOODODOODOODOODOOOOOOO
0000boooboo0oD find_reoot 00000000 0ODOOOOOODOOODOOODOOOOOOOO
obo0o0O solveOOOUODOUODOODOODODOOODOO

sage: theta = var('theta')
sage: solve(cos(theta)==sin(theta), theta)
[sin(theta) == cos(theta)]

000000 find root 00000 0< o< w/2000000000000000000O00OOOOO.

sage: phi = var('phi'")
sage: find_root(cos(phi)==sin(phi),®,pi/2)
0.785398163397448. ..

242 00000O0DOOO

Sage 00000000 UOOOUOOOOODOOODOOOUOOOD sin(u)0w0000000000OOOO
goo:

sage: u = var('u')
sage: diff(sin(u), u)

cos(u)

sin(22)0 40000000000

16 020 SageOOoOooOnO
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sage: diff(sin(x*2), x, 4)
16*xA4*sin(xA2) - 48*xA2*cos(xA2) - 12*sin(x*2)

?»+17y?0 20 y000000000000D0D0O0O0O:

s N

sage: x, y = var('x,y")
sage: f = xA2 + 17%yA2
sage: f.diff(x)

2*X

sage: f.diff(y)

34*y

000000000000 [asin@z?)dz0 [, 45 dz000000000

R
x2+1

sage: integral (x*sin(x*2), x)
-1/2*cos(x*2)

sage: integral(x/(x*2+1), x, 0, 1)
1/2*%1og(2)

L. 0000000000000:

sage: f = 1/((1+x)*(x-1))
sage: f.partial_fraction(x)
-1/2/(x + 1) + 1/2/(x - 1)

243 0000O0OOOO

Sage 000000000 DOODODOODOOOOOOOO 2’4+2x—-1=000000:

s N

sage: t var('t") # 00O t0O0O0O
function('x"') (t) #x O t0000O00OO
sage: DE = diff(x, t) + x - 1

sage: desolve(DE, [x,t])

(_C + ert)*er(-1)

sage: x

000 Sage 0 Maxima [Max] 0000 0000000000000000000000000 Sage DO
00000000000000000000000000000 z(t)=e¢(e!+¢)000000000
000

000000000000000000¢% —sin(t)0000000000000000000

sage: s = var("s")
sage: t = var("t")
sage: £ = tA2%exp(t) - sin(t)

sage: f.laplace(t,s)
-1/(s*2 + 1) + 2/(s - 1)*3

24. 0000O0OOOOO 17
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goboboboaoboooboobuoobobobobboboobooboobooboboooboaboa

|------ \/\N/N/\/\---massl|----\/\/\/\/\/----|mass2|

springl spring2

Ogoobo2000000
"
miTq +(k1+k2)$1—]€21‘2:0

mgl’g -+ ]{52(3']2 — 1131) = 0,

gooopoooooooo ;00000000 ;000000;00000000000000 ;O
gb:000000000

00:00000000000000 my =2me =1,k =4,k =2, 2,(0) = 3, 24(0) = 0, 22(0) = 3,
2y(0)=00000Sage 10000000000

gb:00 1000000000000000 @EO00 z=2,y=20000):

sage: del = maxima("2*diff(x(t),t, 2) + 6*x(t) - 2*y(t)")

sage: ldel = del.laplace("t","s"); ldel.sage()

2*sA2*%]laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -
2*D[0] (x) (0)

00000000000 000000000000
—22'(0) + 2% - X(s) — 252(0) — 2Y'(5) +6X(s) =0

000000 @0000000000 2(t)000000000000000 X(s)ODODOOOoo)d20O
gboooooboboooooboon:

sage: t,s = SR.var('t,s")

sage: x = function('x')

sage: y = function('y")

sage: f = 2%x(t).diff(t,2) + 6%x(t) - 2*y(t)

sage: f.laplace(t,s)
2*sA2*laplace(x(t), t, s) - 2*s*x(0) + 6*laplace(x(t), t, s) - 2*laplace(y(t), t, s) -
2*D[0] (x) (0)

gobooooon
—Y'(0) + s?Y (s) + 2Y(s) — 2X (s) — sy(0) = 0.

0000 «(0),2/(0),y(0)0000 %(0)0000000002000000 XO0yYO0OOOOODO:

sage: var('s X Y')
(s, X, V)
sage: eqns = [(2%s22+6)*X-2*Y == 6%*s, -2%X +(sA2+2)*Y == 3*s]
sage: solve(egns, X,Y)
[[X == 3*(s*3 + 3*s)/(s*4 + 5%s*2 + 4),
== 3*(sA3 + 5*%s)/(s*4 + 5*%sr2 + 4)]]

18 020 SageOOoOooOnO
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gobgboboobooaobooobod:

sage: var('s t')

(s, t)

sage: inverse_laplace((3*s*3 + 9%s)/(s*4 + 5%sA2 + 4),s,t)
cos(2*t) + 2*cos(t)

sage: inverse_laplace((3*s”3 + 15%s)/(s*4 + 5%sA2 + 4),s,t)
-cos(2*t) + 4*cos(t)

ggooobobobooooao
x1(t) = cos(2t) + 2cos(t), xa(t) =4cos(t) — cos(2t).

goboogbooaobooaobodaod

sage: t = var('t")

sage: P = parametric_plot((cos(2*t) + 2*cos(t), 4*cos(t) - cos(2*t) ),
... (t, 0, 2%pi), rgbcolor=hue(0.9))

sage: show(P)

gboobooboooooboo

sage: t = var('t")
sage: pl plot(cos(2*t) + 2*cos(t), (t,0, 2*pi), rgbcolor=hue(0.3))
sage: p2 = plot(4*cos(t) - cos(2*t), (t,0, 2*pi), rgbcolor=hue(0.6))
sage: show(pl + p2)

gbbooooboo gboboodub boobouooboboobbooobboooooobooooboboo
[NagleEtAI2004] 0 550 0000000000000

244 0000000000 O0ODOOODOO

obooooioooo2000000000b00b0obo0oobooooobooboboboboooboo1boon
goboobooobooboobooboobobbooboobooobag

y = f(z,y), yla)=c,
O00000000000000b>e00000 z=b00000000000000000000
Oooooooog

()~ LN =YD,

000 A>000000000000000000000000000000000000 f(z,y(z) ~
et (@) ppnppo000 yz+A)0000000:

y(@+h) =y()+h- flz,y(z)).

24. 0000O0OOOOO 19
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(00000000000000000)%- f(z,y(z))0 "000"0000 y(z) 0 yO0 "0000 (old)",
y(x+h)0 y0"0000 (ew)'D000000000000000

Ynew %yold'i_h'f(xayold)
goooooooood

000 «00b000000nO00000O000O00O h:b*T“DDEIDDEIDDDDDDDDDDDDD
gboooobobooooobobooobobooooonoa

a c h- f(a,c)
a+h c+h- fa,c)
a+2h

b=a+nh M

0000000000000 0000000000LO00O0000D000 yh)OOODODLOODOOoUOUO
go??0o00booocooaon

gboboboobooobooboobobobaoboa

O00:2' 4+t +2=0,2(00=1,7(0)=000000¢t+=10000 2(4)00400000000000
000000000000000

0000000 200000000(z=2y=2000)000 1000000000000000OO
gobogoboooboooog

sage: t,x,y = PolynomialRing(RealField(10),3,"txy").gens()
sage: f =y; g=-x -y *t
sage: eulers_method_2x2(f,g, 0, 1, 0, 1/4, 1)

t X h*f(t,x,y) y h*g(t,x,y)
0 1 0.00 0 -0.25
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081
1 0.65 -0.18 -0.74 0.022

000000 2(1)~ 0650000

0 (¢,y) DODDOOODOODODOOOODODODOOOOODODODODOOODODODODOOODOODOO
eulers_method 2x2_plot 0O OO OOOOOOOODOO (¢, z, yy OOOOOO0OODOOO f0Og
obooooobooooooobono

sage: f = lambda z: z[2] # f(t,x,y) =y

-sin(x)

sage: g = lambda z: -sin(z[1]) # g(t,x,y)

sage: P eulers_method_2x2_plot(f,g, 0.0, 0.75, 0.0, 0.1, 1.0)

gboooobopO2000000000000000000D000¢tO0D00D000O0DOPEIOODOOY
o+toooobooooprpil]oooboboboobooboooooboooooobooon:

20 020 SageOOoOooOnO




Sage0 0O O0O0OO,0000 10.3

(sage: show(P[0] + P[1]) ]

ooboooooboboooobooooooboooo)

245 0000

O0000D0O0O0O0O0O0OO0DDOOPARI[GAP]IODDO Maxima [Max] OO0 0OD0OO0OO0OO00O0DOOOOO
0000 SageOOOOOODOOOOODO" Orthogonal polynomials" (OO OO O)O" Special functions"(O
ooO0)ooooooooo

sage: x = polygen(QQ, 'x")

sage: chebyshev_U(2,x)

4*xA2 - 1

sage: bessel _I(1,1).n(250)
0.56515910399248502720769602760986330732889962162109200948029448947925564096
sage: bessel _I(1,1).nQ

0.565159103992485

sage: bessel _I(2,1.1).nQ)

0.167089499251049

0000000000 O0Saged 000000000 ODOOOOOODOOODOOODOO (wrapooooQo
gbooobobgbooooboooobobob MaximaODOOOOOOOoOooOooooboboooboo

sage: maxima.eval("f:bessel_y(v, w)")
'bessel _y(v,w)'

sage: maxima.eval("diff(f,w)")
'(bessel_y(v-1,w)-bessel_y(v+1l,w))/2"'

25 000000

SageU0O OO 200000 3000000000000000C0O00O0

251 2000000

Sage0 20000000000 DOOO0DOOOOOODOODOOOOODOODOODODOOODOOO
ooooooooooooooboooooboooOoooboooooboo0oOoooboOoooooooOooooog
00000O0bO000000b000 Seaged 0000000 OOO0OOODOOOOOOOOOOODOO O
0 Maxima 0 0000 Sage Constructions 000000000

gbooooboobooboboooboi1ooboooon:

sage: circle((0,0), 1, rgbcolor=(1,1,0))
Graphics object consisting of 1 graphics primitive
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gobogboaoboaboodan

sage: circle((0,0), 1, rgbcolor=(1,1,0), fill=True)
Graphics object consisting of 1 graphics primitive

gobgbooobooboobuoobobobobbobooboobooboobobooboan

{sage: c = circle((0,0), 1, rgbcolor=(1,1,0))

obooooobobooon0d c.showQ OO0 show(c) DODOODO:

{sage: c.show()

0000 c.save('filename.png") 0O OOO0O0D00OO00 cODDOOOODOOOODOOOO.

obboooboobooobooooobooobobooboooobooobooooo0oooboooobooobooOoooon
ooooog:

sage: c.show(aspect_ratio=1)

000000000 show(c, aspect_ratio=1)) 0000000 D0OO0DODOOODOOODOOOOODOOO
c.save('filename.png', aspect_ratio=1) 00 0O0OOOOOO

gbooboobooooooo:

sage: plot(cos, (-5,5))
Graphics object consisting of 1 graphics primitive

gboobooboooboobobooooboooooa:

sage: x = var('x")
sage: parametric_plot((cos(x),sin(x)*3),(x,0,2%pi),rgbcolor=hue(0.6))
Graphics object consisting of 1 graphics primitive

gbooooboooobooboooobobooooobooooobooboooobOobooooooboon
obooooboobooobooobooooooboooooboooooboo@ooo)boboboobooooon
ooooo

sage: plot(x*2,(x,300,500))
Graphics object consisting of 1 graphics primitive

gobobboobooboobooboobooboobooobonob:

sage: x = var('x")
sage: pl = parametric_plot((cos(x),sin(x)),(x,0,2%pi),rgbcolor=hue(0.2))

sage: p2 parametric_plot((cos(x),sin(x)*2), (x,0,2%pi),rgbcolor=hue(0.4))

sage: p3 = parametric_plot((cos(x),sin(x)*3),(x,0,2%pi),rgbcolor=hue(0.6))

sage: show(pl+p2+p3, axes=false)
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obobooooooboobobobooooooboobobobooboobD(@boboboO0 LbOn polygon
gobgobooboooboobooboobobbooobooboobooboobooboooDg:

p

sage: L = [[-1+cos(pi*i/100)*(l+cos(pi*i/100)),

veear 2%sin(pi®i/100)*(1-cos(pi*i/100))] for i in range(200)]
sage: p = polygon(L, rgbcolor=(1/8,3/4,1/2))

sage: p

Graphics object consisting of 1 graphics primitive

show(p, axes=false) DU O0O00O0D0O0O0O0OOODOOOCOODOO

gbooooboboooooboboooobog:

sage: L = [[6%cos(pi*i/100)+5%cos((6/2)*pi*i/100),

veaa: 6%sin(pi®i/100)-5%sin((6/2)*pi*i/100)] for i in range(200)]
= polygon(L, rgbcolor=(1/8,1/4,1/2))

sage: t = text("hypotrochoid", (5,4), rgbcolor=(1,0,0))

0

[

Q

(¢}

he)
|

sage: show(p+t)

oboodb00dacsin0DO000O0O0O0OD0OO0ODOOO0OOODOODOODOODOOOODODODOOOODODOO
00000000 000000 20 —2700 27000 y=sin(z) 0000000 4500000000
0b0o000oob0o0000O0b0n SageOO0OOooOooOOoOoOoOooOOobOOOO:

sage: v = [(sin(x),x) for x in srange(-2*float(pi),2*float(pi),0.1)]
sage: line(v)
Graphics object consisting of 1 graphics primitive

U0 (an) 000 sin000000000O0O0O0Daresin0000000000D00O0OCO0OOODOOx-0O
goboboobooboobooobooboon:

sage: v = [(tan(x),x) for x in srange(-2*float(pi),2*float(pi),0.01)]
sage: show(line(v), xmin=-20, xmax=20)

Sage U0 DO((@OODOOO0OOODOODOO)ODODOODOODOODOODOODDOODOOOODOOO
gboooobooooboobooooboobooon:

sage: f = lambda x,y: cos(x*y)
sage: contour_plot(f, (-4, 4), (-4, 4))
Graphics object consisting of 1 graphics primitive
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252 300000C

Sage 00 30000000000DODODOO0OOOODODOOOOOO0OREPLOOODOODO)O00O0O00O3
ubooooooboboboboooobobOobooonoong [ThreelS]OO0OO0D0OO0OO0OO0O0OOJmolOO
oboooobooooooobooooooon

plot3dd0 000 f(z,y)=2000000000000000:

sage: x, y = var('x,y")
sage: plot3d(x*2 + y*2, (x,-2,2), (y,-2,2))
Graphics3d Object

000 parametric_plot3ddU0 000 z,y,z 000 10000 20000000 @OOO0OO0OOOO
OwO0o0o00000000C000O0)000000000O00O00bO0bO0O00O00OoOoOooOoOoobOOooboOon
obooooooboooooboboooog:

sage: u, v = var('u, v'")

sage: £ x(u, v) = u

sage: £ y(u, v) = v

sage: f_z(u, v) = ur2 + vA2

sage: parametric_plot3d([f_x, f.y, f_z], (u, -2, 2), (v, -2, 2))
Graphics3d Object

Sage0 30 00000000O00DO0OOOOOODO0O implicit_plot3dO 0000000 (HDOOOO
00ooooo) f(r,y,2)=000000000000000000000O00O0OOOOOOOOOOO
gbooooood:

sage: x, v, z = var('x, v, z')
sage: implicit_plot3d(x*2 + y*2 + z*2 - 4, (x,-2, 2), (y,-2, 2), (z,-2, 2))
Graphics3d Object

obooooboooocoo3oobooooobooooon:

gooooooo:

s N

sage: u, v = var('u,v')

sage: fx = u*v

sage: fy = u

sage: fz = vA2

sage: parametric_plot3d([fx, fy, fz], (u, -1, 1), (v, -1, 1),
....: frame=False, color="yellow")

Graphics3d Object

0o0Ooooo00 @o0):

sage: u, v = var('u,v')

sage: fx (1+cos(v))*cos(u)
sage: fy = (l+cos(v))*sin(u)

(0o0o0ooooo)
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(ooooooooo)
sage: fz = -tanh((2/3)*(u-pi))*sin(v)
sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2*pi),
....: frame=False, color="red")
Graphics3d Object

0000000 (twisted torus):

s N

sage: u, v = var('u,v')
sage: fx

(3+sin(v)+cos(w))*cos(2%v)

sage: fy = (3+sin(v)+cos(u))*sin(2*v)

sage: fz = sin(u)+2*cos(v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2%pi),
....: frame=False, color="red")

Graphics3d Object

00O0OdOoDoOO (dOoO, lemniscate):

sage: x, y, z = var('x,y,z")

sage: f(x, y, 2z) = 4%xA2 * (X722 + yA2 + 2A2 + 2) + yA2 * (yr2 + z*2 - 1)
sage: implicit_plot3d(f, (x, -0.5, 0.5), (y, -1, 1, (z, -1, 1))
Graphics3d Object

26 J000D0OODOO
00000000000000000000000000000000000000000000000
00000000000000000000000000

Sage 0000000000 ODDOOOOOONOOOOOOOOOO:

.00, 000000000000 0b00000b0000000Python00000O0O0OD0OODOOODOO
goboboooboobooboobooboboboooboo

s N

sage: def f(z): return zA2
sage: type(f)

<... 'function'>
sage: f(3)
9

sage: plot(f, 0, 2)

Graphics object consisting of 1 graphics primitive

000000000000 000000D00D0 plot(f(2z), 0, 2000000000000O0DODOOO
obob0dzO f00000C0CO0O00O0O0O0OOCOOOOOOOOOOOOOOOOOOOOOOObOOn
f(z)ODO0O0ooooooobooooboooooooooooooooobbooboooooooooooo
ooooooooooo @oob40000)O
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p

sage: var('z") #z0O0OOOOOO

z

sage: f(z)

207

sage: plot(f(z), 0, 2)

Graphics object consisting of 1 graphics primitive

ooooo f(x0000oooboooooboooooboooooboooooboooooooooon

2.000000000000000O4 (callable symbolic expression) D 0000000000 OOOOOO
ooooooooooodg

sage: g(x) = xA2

sage: ¢ # g0 x0 x22000
X |--> xA2

sage: g(3)

9

sage: Dg = g.derivative(); Dg

X |--> 2*x

sage: Dg(3)

6

sage: type(g)

<class 'sage.symbolic.expression.Expression'>
sage: plot(g, 0, 2)

Graphics object consisting of 1 graphics primitive

gbbooOOobOOoOoOooOOoobOOobobOOb0gxOOODOO0oobOOoobOoobO0ooboobbooboooon
oboboooooooooooboobooboobooboooboooooooooboooboOoboboooonos
gooooooooboo

sage: g(x)

TN

sage: type(g(x))

<class 'sage.symbolic.expression.Expression'>
sage: g(x).derivative()

2*X

sage: plot(g(x), 0, 2)

Graphics object consisting of 1 graphics primitive

3.Sage0000D00O0O0O0ODDO (caleulus function) 0 0. 0000000000000 0OOOOOO
gboooooobooooooo

-

sage: type(sin)

<class 'sage.functions.trig.Function_sin'>

sage: plot(sin, 0, 2)

Graphics object consisting of 1 graphics primitive

sage: type(sin(x))
(@ooooooo)
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(Cooooooooo)

<class 'sage.symbolic.expression.Expression'>
sage: plot(sin(x), 0, 2)
Graphics object consisting of 1 graphics primitive

000000 sin00000000000D00000D00 cosOOOODOOO

sage: f = sin
sage: f.derivative()

Traceback (most recent call last):

AttributeError:

sin00000000 f£f=sin(x)000000000O00DO0OO0DO0ODO0OOO0ODOODO0ODbO0O0D £

=sin(x) 0000000000000 0DO0O0O0O0DO0ObO000000

sage: S(x) = sin(x)
sage: S.derivative()
X |--> cos(x)

goboboooboobooboobooboobon:

4. 000000000CO0O00DO0OO0OO0

sage: def h(x):

ceeat if x < 2:
cooak return 0
R else:

PR return x - 2

obobd plotth(x), 0, V0000000000 DOO0O0O0ODy=2c—-200000000000000
000 hO0O0OOO0OODOOO0OO0OO0OD0OO000000D00 plotth(x), 0, 0000000000 h(xOO

000000000 x000 hx) 000000 x<200000000000000

sage: type(x<2)
<class 'sage.symbolic.expression.Expression'>

oboooooboooobobobohwhbOooooboboooboobooobooboooobobooboooboon

oooooobobdoo0 hx O x2000000000000D00O0 x-20000000000O

gbooooobon pletth(x), 0, 40000

sage: plotcCh, 0, 4)

Graphics object consisting of 1 graphics primitive

gboooooobooooooo

5.0000000000000D00D0O0

26. 000O00O0O0OOO
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sage: f = x

sage: g = f.derivative()
sage: ¢

1

000O000D¢g3)00D000ODO0OO0OOnOOOnDOdg "valueError: the number of arguments must be less
thanorequal to 0."0 000 0O0O0OO0ODOODOO

sage: type(f)
<class 'sage.symbolic.expression.Expression'>
sage: type(g)
<class 'sage.symbolic.expression.Expression'>

gubooooboOooobOobooooOoobobooobOOoboooobOobooooOon
oboobooooooboo

- fO000D0O000DOOO0ODOOOODOOOO

sage: f(x) = x # 'f=x'00000
sage: g = f.derivative()

sage: ¢

X |-—>1

sage: g(3)

1

sage: type(g)

<class 'sage.symbolic.expression.Expression'>

00 f00000D000g0OO0O00ODOOOOODOODOOODOODn

sage: f = x

sage: g(x) = f.derivative() # 'g = f.derivative()'0 00000
sage: ¢

X |--—>1

sage: g(3)

1

sage: type(g)

<class 'sage.symbolic.expression.Expression'>

& J

000 f0g000000DODDOOOODOOOODDOOOO

sage: f = x

sage: g = f.derivative()

sage: ¢

1

sage: g(x=3) # O0O0O'g3)'00000
1
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oboooooboooD £ =x0 fx) =x000000000000DO0000O0DO0O0DOO0ODOO

sage: f(x) = x

sage: g = f.derivative()

sage: g.variables() # gOO QOO O0O0?
O

sage: g.arguments() # gUOUOUOUOOOOOOOOOO?
(x,)

sage: f = x

sage: h = f.derivative()

sage: h.variables()

O

sage: h.arguments()

O

oboooobOobooO0o0Ohh@OooOobooboobooboobo hoooboooooobooooo

27 00000

gbooooboooboobooboooobobooooobooobooboobooooboboooobooboon
obooooooboboooooobobo ingODO0O0OO0OO0OO0O0OO0OO0ODOODOOOOOOOOODbOOO0
obooooobooboobooboooobobooooobooboobooboooobobobooobooboon
obooooooooooboboooogoD:

«00{.,-1,0,1,2,..},Sage 00 zzOO OO

ugbo--gboobgooboobobbdo --eubrad
OO RROODOO
0000 ccOnOOn

ooooooobooooooboooobobooooobooboobooboooobobobooooDboo
00000000000000000000000000O0D0O0O0O0O0D0OODDOO00 22-20000
0+/200000000000000000000000000000000O0OOOOOOO000
obooooobooooboobooooboboooooboooboobooboooobobobooobooboon
ooooooobooooooboooobobooooobooboobooboooobobobooooDboo
Ub0o00bo0obO0oboboO0obOoonDOoDb ratpolyU realpoly0 00000000000 OOOOOOO
obobooooobooooooboobooooboobob oboooooooooboooboOon <e>0 .<z>
goooooooo

sage: ratpoly.<t> = PolynomialRing(QQ)
sage: realpoly.<z> = PolynomialRing(RR)

000 2?2-200000000000000:

sage: factor(t*2-2)
tA2 - 2
(CooOoDoooo)
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(OO0OoDoooooon)
sage: factor(z*2-2)
(z - 1.41421356237310) * (z + 1.41421356237310)

obooooboooobooboooobobooooobooooobooboooobooboooooobon
gboobodgbooboobobooboobobobooboboboooboboboboobuobobada
gobooboooboboobobobobooboon

U010 -100bo0o0oooboibIigbooooboobooooboboooooboooon

sage: i # -10000
I

sage: i in QQ

False

oooooooooiocgbooogoobooooooooooboboboobooooooobooogoboo
gboooobooobooboboooobobooooobooobooboboibooooooo:

[sage: reset('i')

oooooooobobooooooboboooooobobbo0 i0 —-100bOobOooooboboo
gboboobooobouob -1ogboooboobooooob ccGHobobocc.oobooboooan
b0 -1 0ob0boobobooobooboboboboooob0obo0o0oo0oobdn (coercion)dOon
goboboboobooabogboobooboobooboob oboaoo

sage: i = CC(1) # OOOOOOOO
sage: i == CC.0

True

sage: a, b = 4/3, 2/3

sage: z = a + b*i

sage: z

1.33333333333333 + 0.666666666666667*1
sage: z.imag(Q) # OO

0.666666666666667
sage: z.real() == a #00000000O0O0O0O00O0O0O0O
True

sage: a + b

2

sage: 2*b == a
True

sage: parent(2/3)
Rational Field
sage: parent(4/2)
Rational Field

sage: 2/3 + 0.1 #0O00OO0OOOOOOO
0.766666666666667
sage: 0.1 + 2/3 # SageU 0 0O0OD0OOOOOOOOO

(0o0oooooo)
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(Cooooooooo)
0.766666666666667

0000 Sage 0 O00O0OO0D0O0OO0OO0DOOOOODOOODODOODODOODODODO OODOO
RationalFieldO OO OOOOODOODOO (O (field) DO OODOODOOO0OOODOOOOODOOOOODOO
oboooooboooooboobooooboboooboobooboon)o

sage: RationalField()
Rational Field

sage: QQ

Rational Field

sage: 1/2 in QQ

True

N\

ggboaboaobbooboobuooboobbobobooboaboob .20 bbooOobogd
000 (0000000000000 00 0000) 00000 »0+/20000000000:

sage: 1.2 in QQ
True

sage: pi in QQ
False

sage: pi in RR

True

sage: sqrt(2) in QQ
False

sage: sqrt(2) in CC

True

O00000000D0O000DSage 0 0000p- 0000000 DODOOOOODDOOOODOOO
gboobooboooobooboooobobooooooo.

sage: GF(3)

Finite Field of size 3

sage: GF(27, 'a') # 000000O00DOOO0ODOOOOOO
Finite Field in a of size 343

sage: Zp(5)

5-adic Ring with capped relative precision 20

sage: sqrt(3) in QQbar # QU O OO OO (ODO)

True
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28 0000

Sage UOO0OO0OOO0OODOODODOOOOOODODOOOOOOOODODOOOOODOODODO (O
goHhooobooobooboobooooo

gbooooboooobooboooooboobooon:

sage: A

Matrix([[1,2,3]1,[3,2,1],[1,1,11D)

sage: w = vector([1,1,-4])

sage: w*A

©®, 0, 0

sage: A*w

-9, 1, -2)

sage: kernel(A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

[ 1 1 -4]

Sage000OU00 AODOOCOCOOOOOOCOOOOO0OwA=000C00O0O0O0ODDODwOOOOOOODOO

0000000000 solve_right 00 ODOOD0DO0OO0OO0O0ODODOA.solve_right(Y) JDOOOO
00 AX=Y[0OOOOOO@oooooo)xoooooo

sage: Y = vector([0, -4, -1]1)
sage: X = A.solve_right(Y)
sage: X

-2, 1, ®

sage: A * X # O0OOOOO...
@, -4, -1

O0000000Sage00ODDOOOODDOOO:

sage: A.solve_right(w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

O00000 XA=Y[UOUOUOUOO XOOODOODO A.solve_left(Y)YOOOOODODO

Sage 0O OO0O0ODOOOODOOOODOOO:

sage: A = matrix([[0, 4], [-1, 0]1)
sage: A.eigenvalues ()
[-2*I, 2*I]
sage: B = matrix([[1, 31, [3, 111D
sage: B.eigenvectors_left()
[4, [
1, D
(@oooooon)
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(Cooooooooo)

]1 1)! (_2! [
(1! _1)
1, D]

(eigenvectors_left OO0 O0OO0OODOOO0 @COO,000000,000)00000000000)

QOOORROIODOOOOOOOCOOOD MaximaOOOOOOODOOOOOOO (000 Maxima OO
00)0

ogoooooboooobooboooooooooboooobooobobooboooobboobooboobobooDboOoo
0000000000000 00matrix00000000000D0O0OOSage00D00O0O0O0DOOOO
b0 (zzOooo)ooooboooobOuoooboboooobo ®pyoooooooooo

sage: AZ

matrix(Zz, [[2,0], [0,111])
sage: AQ = matrix(QQ, [[2,0]1, [0,1]11)
sage: AR = matrix(RR, [[2,0], [0,1]1])
sage: AZ.echelon_form()

[2 0]

[0 1]

sage: AQ.echelon_form()

[1 0]

[0 1]

sage: AR.echelon_form()

[ 1.00000000000000 0.000000000000000]
[0.000000000000000 1.00000000000000]

gobgoobooobooboobooboobobboobooboobooboboboboboobobooboo
O0000000DOO RDF (Real Double Field) O 0O O CDF (Complex Double Field) D OO0 0000000
obooooboooobOooboooobobooooobooooobooboooobooboooooobon
gbobooboboodbgobRrRrObOOog ccogbogboobooaoboooboboooboboaboboa
gobobooboobooon

.

sage: ARDF = matrix(RDF, [[1.2, 2], [2, 311D

sage: ARDF.eigenvalues() # abs tol le-10

[-0.09317121994613098, 4.293171219946131]

sage: ACDF = matrix(CDF, [[1.2, I], [2, 31D

sage: ACDF.eigenvectors_right() # abs tol le-10

[(0.881845698329 - 0.820914065343*I, [(0.750560818381, -0.616145932705 + 0.
—238794153033*1)], 1),

(3.31815430167 + 0.820914065343*I, [(0.145594698293 + 0.37566908585*I, 0.
—915245825866)]1, 1)1
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281 00000

00000000000 3x300000 Matz«3(Q)UOOO0OOOO:

sage: M = MatrixSpace(QQ,3)
sage: M

Full MatrixSpace of 3 by 3 dense matrices over Rational Field

@BU040000000000000DO MatrixSpace(QQ,3,4) 000000000000 O0O0OOOOO
00000000000 MatrixSpace(QQ,3) O MatrixSpace(QQ,3,3) 000000000)O0000O
oooooooooon:

sage: B = M.basis()
sage: len(B)

9

sage: B[0,1]

[0 1 0]

[0 0 0]

[0 0 0]

MobOooOoooOooboooooboooogo

sage: A = M(range(9)); A
[0 1 2]
[3 4 5]
[6 7 8]

goboobooaobooabouaabooooaoo

sage: A.echelon_form()

[1 0 -1]

[0 1 2]

[0 0 0]

sage: A.kernel()

Vector space of degree 3 and dimension 1 over Rational Field
Basis matrix:

[ 1-2 1]

gbooooboooobooboooobobooooooboon

sage: M = MatrixSpace(GF(2),4,8)

sage: A = M([1,1,0,0, 1,1,1,1, 0,1,0,0, 1,0,1,1,
ceaat ¢,0,1,0, 1,1,0,1, 0,0,1,1, 1,1,1,0])
sage: A

[T100601111]
[@1 001011]
(@0 10110 1]
(ooooooo)
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(Oooooooooog)

[0601111180]
sage: rows = A.rows()
sage: A.columns()

[(1, 0, O, ®, (1, 1, 0, ®, (0, 0, 1, 1), (O, 0, 0, D),

(, 1, 1, », (1,0, 1, D, (1, 1,06, 1, (1, 1, 1, O]
sage: rows

[(t, 1, 0, 0, 1, 1, 1, 1), (6, 1, 06, 0, 1, 0, 1, 1),

@, 0, 1, 0, 1, 1, 0, 1), (6, 0, 1, 1, 1, 1, 1, O]

O00o0o0oO0o0ooo ows)DODDOOOOD Fo,OOOOODODOOODO

sage: V = VectorSpace(GF(2),8)
sage: S

V.subspace(rows)
sage: S

Vector space of degree 8 and dimension 4 over Finite Field of size 2
Basis matrix:
[1000010 0]
[01001011]

[0 10110 1]

[O0 0 10011]

sage: A.echelon_form()
[1000010 0]

[01 001011]

[00 10110 1]
[00010011]

Sage] SOOODOOOO SOOO0OOOOO0OOOOOOOOOOOODODOOOOD

282 00000OOOO

Sage U0 PID(OOOOOOOO)OOOOOOOODOOOOODOOOOOOODOOO

sage: M = MatrixSpace(QQ, 100, sparse=True)

sage: A = M.random_element(density = 0.05)

sage: E = A.echelon_form()

SageUDOO0OO0OO0OO0OO0OO0OODOOOOOOOOOOODOOOOOOODOODOOO@OODOODOOOOOOn
oooo)

sage: M = MatrixSpace(QQ, 50, 100, sparse=True)
sage: A = M.random_element(density = 0.05)

sage: E = A.echelon_form()

sage: M = MatrixSpace(GF(2), 20, 40, sparse=True)
sage: A = M.random_element()

sage: E = A.echelon_form()
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Python OO OOOOOOOOODOODOOOOODOO:

sage: M = MatrixSpace(QQ, 10,10, Sparse=True)
Traceback (most recent call last):

TypeError: ...__init__() got an unexpected keyword argument 'Sparse'’

29 00O

Ob00000OSage0 000000 OoOoOoobooobooboobOoOonoOoD

291 100000

gobobooboaobooaobooboobooobabo

sage: R = PolynomialRing(QQ, 't')
sage: R
Univariate Polynomial Ring in t over Rational Field

oboobooooooooooooooooobobobobobo(@ubD)tbobobobobooobooon
000 Sage 000000000 t00D00000D0DDOO0OO0ODODO(#2+1000000)RO0DO0O0O
gbooboobooooboooooobooog

goboogbooaboodaod

sage: S = QQ['t"]
sage: S == R
True

obooooOo0ot+«tooboobooooboobooooooboon

gobogoooobooobod

{sage: R.<t> = PolynomialRing(QQ) }
oooQ

[sage: R.<t> = QQ['t'] J
gooooo

{sage: R.<t> = QQ[] }

gbooooooao

goboboodaboobobobodoboob tbobbobooboobobbooboobobobaoboa
gRrROODOOODOODOOOODOODO@@UODOOODOMagmaU DO O0O0OOOOOOOO0ODOODOO
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0000O0OMagma0O00O0000Sage 0000000000000 000000000000000
oon)

sage: poly = (t+1) * (t+2); poly
tA2 + 3%t + 2

sage: poly in R

True

gbooooboboooooboooobooboboobO0obOoOobOOobOobOboobOOoboOonoonog:

sage: R = PolynomialRing(QQ, 't')
sage: t = R.0

sage: t in R

True

SageJ00OD0OO0ODOOOOOOOODOOODOOOODOOODOODODODODODOODiODODOOO
gbooooboooobooboooobobooooboboooooboon:

sage: CC

Complex Field with 53 bits of precision
sage: CC.0 # CcCO e OOOO
1.00000000000000*I

goboboobooboooboobuooobobobobbobooboobooboobobooobooaoboa
gooooogooo:

sage: R, t = QQ['t'].objgen()
sage: t =QQ['t"].gen()
sage: R, t = objgen(QQ['t'])
sage: t = gen(QQ['t'D)

0000 Q¢Uoo0ooooooooo

sage: R, t = QQ['t"'].objgen()
sage: f = 2%tA7 + 3*tA2 - 15/19
sage: £fA2
4%tA14 + 12%tA9 - 60/19%tA7 + 9%tA4 - 90/19%tA2 + 225/361
sage: cyclo = R.cyclotomic_polynomial(7); cyclo
tA6 + tAS + tA + tA3 + A2 +t + 1
sage: g = 7 * cyclo * tA5 * (tA5 + 10*t + 2)
sage: ¢
7%tA16 + 7%tAL15 + 7%tAl4 + 7FtAL3 + 77%tA12 + 91%tAll + 91%tA10 + 84%tA9
+ 84*tA8 + 84*tA7 + 84%tA6 + 14%tAS
sage: F = factor(g); F
(7) * tAS5 * (tA5 + 10%t + 2) * (tA6 + tAS + t24 + tA3 + tA2 + t + 1)
sage: F.unit(Q)
7
(ooooooog)
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(@ooooooooo)
sage: list(F)
[(t, 5), (tA5 + 10*t + 2, 1), (tA6 + tA5 + t24 + tA3 + t22 + t + 1, 1)]

gbooooboooo@)boooboobooboooobobooooobooon

O0O0O00O0D00O0d R.cyclotomic_polynomial 0000000 0DO0O0OO0O0OOODODOOOOOOODOOO
O0Sage000O0OO00OOO0OOODOOOODOODOOOOODOODODODOODOODOODOODOO
000000000000 R.cyclotomic_polynomial??00000000000D0O0OO0OODODOO0O
f = pari.polcyclo(n) 00 0O0O0O0OODODDODOO0O0O0O0OOOODODOOOOOOO PARIOOOOONO
0000000000000 00000 PARIDODOOOOOODOOOO

oboooobOoooon0obOo SageO0OOOO0ODOOO)OOOOOOOOOO

QQ['x"'].0

sage: f = xA3 + 1; g = x*2 - 17
sage: h = f/g; h

(xA3 + 1)/ (xA2 - 17)

sage: h.parent()

sage: x

Fraction Field of Univariate Polynomial Ring in x over Rational Field

Q]OO0D0O00O0DOO00OOO0OO0obO0oo0ooooO0oboooooboooon:

sage: R.<x> = LaurentSeriesRing(QQ); R
Laurent Series Ring in x over Rational Field
sage: 1/(1-x) + 0(x*10)

1 +x + x22 + xA3 + X2 + XA5 + XA6 + XA7 + xA8 + xA9 + 0(x*10)

gboooooboobooooobobo l1oocooobooooooboooooOobooon

sage: R.<x> = PolynomialRing(QQ)
PolynomialRing(QQ)

sage: S.<y>
sage: X == y
False

sage: R == S
False

sage: R(y)

X

sage: R(y*2 - 17)
xA2 - 17

ooooooobooobooboooogoobob xoooobooboboboo1goboboboobobooobooo
gboooooboooobooboo

sage: R = PolynomialRing(QQ, "x")
sage: T = PolynomialRing(QQ, "x")
sage: R ==
True
(Ooo0ooDoon)
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(Oooooooooog)
sage: Ris T
True
sage: R.® == T.0
True

Sage 000000000000D00000O0000D00000O0000O000000000000 Fy[[T)]
000000000000000000 F,((7))000000000

sage: R.<T> = PowerSeriesRing(GF(7)); R

Power Series Ring in T over Finite Field of size 7
sage: £ =T + 3*TA2 + TA3 + 0(T*4)

sage: f*3

TA3 + 2*%TA4 + 2*TA5 + O(TA6)

sage: 1/f

TA-1 + 4 + T + 0(TA2)

sage: parent(l/f)

Laurent Series Ring in T over Finite Field of size 7

gbooobooboooobooboooobobooooobooooogb:

sage: GF(7)[['T']]
Power Series Ring in T over Finite Field of size 7

292 000000

gboobooboooboobobooooobooooboooooooboo

sage: R = PolynomialRing(GF(5),3,"z") # 3 = 0 00O[C
sage: R
Multivariate Polynomial Ring in z0®, zl, z2 over Finite Field of size 5

10000booooobooooobooboooooooooon:

sage: GF(5)['z0, zl, z2']

Multivariate Polynomial Ring in z0®, zl, z2 over Finite Field of size 5
sage: R.<z0,z1,z2> = GF(5)[]; R

Multivariate Polynomial Ring in z0®, zl, z2 over Finite Field of size 5

gboooobol1obooooboooooobooooobooboon:

sage: PolynomialRing(GF(5), 3, 'xyz')
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5

gobobooboobooobgo

29. 00O 39




Sage0 0 UJO0OO0O,0000 10.3

sage: z = GF(5)['z0, zl1, z2'].gens()

sage: z

(z0, z1, z2)

sage: (z[0]+z[1]+z[2])A2

z0r2 + 2%z0%z1 + z122 + 2%z0%z2 + 2%z1*z2 + z2/2

goboboobooboooboobuooboobobboboooboobooan

sage: R = GF(5)['x,y,z']

sage: x,y,z = R.gens()

sage: QQ['x"']

Univariate Polynomial Ring in x over Rational Field

sage: QQ['x,y"'].gens(Q)

x, )

sage: QQ['x'].objgens()

(Univariate Polynomial Ring in x over Rational Field, (x,))

Sage 00 0OO0ODOOOOOOOOODOOODOO (distributive representation) J Pyhon D OO0 OO0 OO0O0O
000b0O0bOO0b0O0b00bOegedd00ODODOODOODOODOODOODOODO Singular [Si]OO000O0O0O0O0OO
ooo

sage: R, (x, y) = PolynomialRing(RationalField(), 2, 'xy').objgens()
sage: f = (XA3 + 2%yA2¥x)A2

sage: g = xA2%yA2

sage: f.gcd(g)

W)

000 f0¢g00000000O0OOO (f,g)UOODODOOOOOOO (£,90ROOOOOOOOOOO
(ideal([f,g]) OO OO ideal(f,gy DO DOODOOOHO

sage: I = (£, 9O*R; I

Ideal (xA6 + 4%xA4*yA2 + 4%xA2*%yA4, xA2%yA2) of Multivariate Polynomial
Ring in x, y over Rational Field

sage: B = I.groebner_basis(); B

[xA6, xA2*yA2]

sage: x72 in I

False

&

gboooobooooboobooooboboooooboooboobobooooboboooobooboon
oboboooboooooobooooboooboooooobooooooboo(@obooooooboaon
oboooooboooobooboooobobooooobobobooboobooo)o

sage: B.parent()
<class 'sage.rings.polynomial.multi_polynomial_sequence.PolynomialSequence_generic'>
sage: B.universe()
Multivariate Polynomial Ring in x, y over Rational Field
(Cooooooog)
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sage

Traceback (most recent call last):

: B[1] = x

(Cooooooooo)

ValueError: object is immutable; please change a copy instead.

oo0o0o0obo0obO0obOoDO)obDUooODOOD Sigular OO0 SageDODOODOOOOOOODOODO
o000 o0bo000ooboo0oooobOoO0ooooOoboOoooDboOn:

.

sage

: I.primary_decomposition()

[Ideal (x22) of Multivariate Polynomial Ring in x, y over Rational Field,

Ideal (y*2, x*6) of Multivariate Polynomial Ring in x, y over Rational Field]

sage

: I.associated_primes()

[Ideal (x) of Multivariate Polynomial Ring in x, y over Rational Field,

Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]

210 00000DODOODOOOO

oboooobooooboobooooboboooooboooooboOobobooobobooooooboon
oo0ooboobobboboOobdSage00booboooooooboobooboooboooDooOoo
gbooooooooo

obooooboooobOooboooobobooooobooooobooboooobooboooooobon

000000000000 Sagethematic tutorial 00 0O O

2.10.1 O

o000 pythonOO0DDOODOOODOOO0OOOOOODOOOOOXOODOOODOODOD __add__ 0O
_sub__ 0 _mul 000000000 O0O0O0O0O0OOOO0 @OOODOOOO)DODO0O00O000000
obooooobooooooDo

Python0 (D0ODOO0DOO0DOO0ODO)ODDO0O0D0OO0O0DOOODOOODOODOOOOOOOOODOODOO
ob PythonOOOOOOOOODOOOOOOOOOOOOOOOOOOOOOPythonOOOOOOOO
<int>00OO0OO0OO0O00 <fleat>0000000000000O00O0O00OO0O0ODOOOOOOODOOO
gobgoooobooboobooboobobboobooboobooboboboboboobooboo
gboooboooboooooboo

obooobooooobo@oo)yhobooooboooobooobooooboobooobooboboooooooaon

gobobooobooboobooboobobbooboon

gboooobdoooooobooooboboobooboobooooboon

sage:

sage

sage:

True

P.<x,y> = GF(3)[]
: Q.<a,b> = GF(4,'z")[]
type(x)==type(a)

2.10.

oooobooooooooon
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obobobooboooooooooobo@obooboooboobbooboooboOo)boO PythonOOOO
goboboobooboobooobon

p

sage: P.<a> = PolynomialRing(ZZ)

sage: Q.<b> = PolynomialRing(ZZ, sparse=True)

sage: R.<c> = PolynomialRing(ZZ, implementation='NTL'")

sage: type(a); type(b); type(c)

<class 'sage.rings.polynomial.polynomial_integer_dense_flint.Polynomial_integer_dense_
—flint'>

<class 'sage.rings.polynomial.polynomial_ring.PolynomialRing_integral_domain_with_
—,category.element_class'>

<class 'sage.rings.polynomial.polynomial_integer_dense_ntl.Polynomial_integer_dense_

—ntl'>

o00o0ooooooooobobo0o0oooooDboo0ooooDboOboO pythonOOOOODDOOOOO
ubbooboobobobo __,add__000000O000DOO0O0O0OO0O0OOODOOODOOOOOOO0OO0O0
oboooobooooboobooooboboooooboooooboOobobooobobooooooboon
gooooboooooooboooobooboboobbooboooooobooboboobooooobooobooboooo
OO0 pythonOOOODDODOOOODODODOOODOOOOOODODOOODODDOOO

0b00o00o0obO0ob00oobO0obO0OOOoeercion 0000000 O0OOOOODOOO

gbobooobobobobooooboobobobonoooboboboboobo0obOobd parentQ
gboooooo:

sage: a.parent(); b.parent(); c.parent()

Univariate Polynomial Ring in a over Integer Ring

Sparse Univariate Polynomial Ring in b over Integer Ring
Univariate Polynomial Ring in c over Integer Ring (using NTL)

2102 00OO0OO0OOOODOO

Python OO DO OODOOODOOODOOODOOODOODOOODOODSagelOD0oooooooooooOOg
gboobooobooobodbOSage0 0000000000 OO0OO0DOODOODOO O (parent structure)
oboboooboobooooooboooboooboobooobooboooboobooooooooboooobooan
oboooooboooooobobooog

sage: isinstance(QQ,Field)
True
sage: isinstance(QQ, Ring)
True
sage: isinstance(ZZ,Field)
False
sage: isinstance(ZZ, Ring)
True
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ob0ooboob0oob0o0obooobO0ob0obo0obobo0oboobOoDbOOcccategory)y DO ODODOOODOOODOOO
O0Sage000000O0O0ODO0OO0ODOO0ODOOODOOODOOODOOODOODOODOODOOPythonOO
gboooobooooboobooooboboooooboooboobobooooboboooobooboon
O SageO0OOOOOOOO:

sage: Rings(Q)
Category of rings
sage: ZZ.category()
Join of Category of Dedekind domains
and Category of euclidean domains
and Category of infinite enumerated sets
and Category of metric spaces
sage: ZZ.category().is_subcategory(Rings())
True
sage: ZZ in Rings(Q)
True
sage: ZZ in FieldsQ)
False
sage: QQ in Fields(Q)
True

Sage D0 0OOO0ODOOODOOODOOODOODOODOOODOOODOSage0oOoonoooooOoOO
gboooobooooboobooooboboooooboooboobooboooobobooooboooboon
gbooooooooboo

Sage 0D ODO0ODODOOOO0OOPyhon OO ODODOOOOODODODOOODODOODODODOODO
gbooooboboooboboooobobooooboboooboobooooboboobooobooDa:

sage: RR['x','y'] is RR['x',"'y"]
True

2103 00000DOO0O

RingElement 00 000000000000 O0O0O0O0O0OOCODOOOOOOOODOOOOOOOOOOO
0b0o0o00O0obO0b0O0o0o0O0b0ob000obO0bo0ob0O0d RingElement OO0 O0O00O0OO0OOOOODO:

sage: M = Matrix(ZZ,2,2); M

[0 0]

[0 0]

sage: isinstance(M, RingElement)
False

oboboobObOoooOoboobooboobon Sage000o0OoooOoobOOoO0OO O OODOOODOOO
oboooooboooobD pythonO (DOOOODOODOOO)OODOODOOOODOODOO
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p

sage: int(1) is int(l) # Python[ int [
True

sage: int(-15) is int(-15)

False

sage: 1 is 1 # Sage 00O
False

gbboobooobooobooboobooooooooboooboooooboobooboooboooan:

sage: a = GF(2)(1)
sage: b = GF(5) (1)
sage: type(a) is type(b)

True

sage: parent(a)

Finite Field of size 2
sage: parent(b)

Finite Field of size 5

obooooboooobOoboooobooboboooboooooboobooooooooboon

2104 00OO0O0DOO

gboooobooooboobooooboboooooboooboobobooooboboooobooboon
obooooboooooOoboooobobooooobO0booooobon bO0 (coercion) OO O

oo00oooobocobooboog goo (typeconversion) O O OO (typecoercion) DO DO OO0O0OOO0OOO
O00Sage00 OO0 0O ODDOOODOOOOOOO0ODDODOOOSage0dooooooOOOoOg
gbooooOuoboboooboobchoubOon Sage0 0000000 ODOOO0OOODOODOOOOODOOO

0000000000000 0000000000000000D000000 SageOODOOOOODOOO
00000000000 thematictutorial 0000 OO0O0O

obooboooooboooboobooboooooboooooboobooooooa:

 JO000boobobobobobobuoobobobobobobobobDoooobobobon
gbooooobooboi0oooboobobo 1w»y20b000000b00 1 + 12000000000
ooo

goooobooooo

- JRIOOri0O000000ROOOOCOOOOOO0ri0ORZOODOCOOCOO0ODOODOODOO
oboooOobooooobOoboooooboboooooboooobooboooonog

gooooooboooog

SageDUOODOOODOOOOOOOPIOP2O0OOOOOODOOplOPIOOOOOOODOPP1IO P2O0OO
obooooobooooooboooobobooooobooooobooboboooboobooooooboon
oobooooooorm1gbb0O0oboOoooooobbooboboobooobbooooooDooobbobooboOoo
gbooboobooboobobooooboboooboboooog 00 (conversion) DOOO0OOODO:
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sage: a = GF(2)(1)
sage: b = GF(5) (1)
sage: GF(5)(a) ==b
True

sage: GF(2)(b) == a
True

ubooboobo@wobo)obobobobobo bobob oo oooooooooboooboooooooo
gbooooboooobooboboooooboooooaon

0o0oo0ooboobo oon ceercion) 0000000 O0ODO0ODOO0ODOOOOOOODOOOODOO
goboboobooobooboobooboboboooobooboon:

l.P1O0P20000000000C0O0@OUOOOOODOOO)OO0OO0OO0OOODOOOOODOOPLIO
oboop2000000000C0O0O00DOO0O0CODOOPIO00O0O0O0OODOOOCOOOODOO

2. 0000b0o0booboboooboobooboOop3bOobooboobooobDoooOo P00 P20
gobooop200 p30000000OOCOOOCOPIOOPIOOOOOOOODOOOOOOOOOO
gbOpid0pP200pP200pP1O0000000O0O0O0O0OOCOO20000000000®P1I0OO
gboooboooboooboon

gbbooboecrO0obooberG) ObonobouoboobooboboboobobobouobOGF)
oeGrG)0ooboooobooboobooboooonoa

gooooo ---gobg ---0oboboboooobobobooooboboboboobobobo
gbooobooboooooobooooboboooboobobooooobobooobooboooon:

sage: Rl.<x,y> = ZZ[]

sage: R2 = ZZ['y', 'x']

sage: R2.has_coerce_map_from(R1)
True

sage: R2(x)

X

sage: R2(y)

y

goboboboaoboooboobuoobobobobboboobooboobooboboooboaboa
gobobooboobooboobooboobobooboobooboobuooong:

sage: R3 = ZZ['z','x"']

sage: R3.has_coerce_map_from(R1)
False

sage: R3(x)

z

sage: R3(y)

X

doomoooooooooobboooooooooooobooboobooooooozzr'x','y'100 2z21'y ',
'x']0000000000 zz['y','x'100 ZZ['a','b']0000000O0O0O0O0OO00OO0O0O0OO0O
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goboboboobooboobuooboobobbobooboaobooad

gbooouobooobooboobooooboboooooboooboobooboooobobooooboooboon
bboooboobooboobooooboooboobou ==00b0o0obbooboo0oobooobobooobooboaon
obbodb==0000000000000000D0000O0000O0 OO0 O0DOOOOOO0OOOOOn
obobooobooooboob zzoo1oooooooooooooboooooobooboboboo
gboooobooooboobooooboboooooboooboobooboooobobooooboooboon
obooooboooobOoboooobooooboooon:

sage: GF(5) (1) ==

True

sage: 1 == GF(2)(D)

True

sage: GF(5) (1) == GF(2)(1)
False

sage: GF(5)(1) != GF(2)(1)
True

.

googo

sage: R3(R1.1) == R3.1

True
sage: R1.1 == R3.1
False
sage: R1.1 !=R3.1
True

oboooooboooboooooobooboooooob @oboobooOooboooooboobo(@oooon
ooooRrRR)0D0O00000D00O0DO0OOO0O0OO000O00O000O0QUODO RROODODOOORROO
QUibOOobOOobo0bubooboobobooobooboboboobOoboooobOobooooono
gbooooboOobooooRrRROOOOOODOOOOODOODOOOO:

sage: RR(1/104200+1/104100) == RR(1/10~100)
True

sage: 1/104200+1/104100 == 1/10~100

False

ggbooobodgb pidpzbgdoboooboobboobboooboobboobooobog p3
goboobpi0OpP20P30000000000OOO0ODOOODOOODODOOODOOODOODOODOO
gboobooboobooboboooboobooboobooboooooboooobooboooonoag

sage: Pl.<x> = ZZ[]

sage: p = 2%x+3

sage: q = 1/2

sage: parent(p)

Univariate Polynomial Ring in x over Integer Ring

sage: parent(p+q)

Univariate Polynomial Ring in x over Rational Field
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ooooooooobo zzi'x']0000000000DO00O00DO0O0Sage000O00DOO0O00O 00O O
oboooooboooobobooo @ogbee'x'h)booboobobooobobooooboo
bobooboooboOSaged0boobobobooboooooooboobO obOO0 obobOobooboon
00o000O0bO0000000000000 thematic tutorial 0000000

goboboobooboobooboobuooboobooboooon:

p

sage: R.<x> = QQI[]
QQ[]

sage: S.<y>

sage: Xx+y
Traceback (most recent call last):

TypeError: unsupported operand parent(s) for +: 'Univariate Polynomial Ring in x over.
—Rational Field' and 'Univariate Polynomial Ring in y over Rational Field'

O000000Sage0 0000000 QL'x"I['y'I0QQ['y'I['x"JOQQL'x",'y' 10000 QQL'y',
'x']d0000oOoobooboooooobbooboboooobo40b000b000b000b0O0O0bOOb0OnOO
obooooobooooobooboboooboboobooooobon

211 DO0O0O0O0DOOooo

Sage000OO0OD0O0OOOOD (OO SU(n,g)UOOODODO (QMUOODOODODO)Y@WOOOOOOO
g@oooboo)oboobooboobooboobooboobocApOObOOObOOOOOOOOOn
obooooood

goobgoobooobooboobooboobobbooboobooboobooboboboobobooboo
goo

sage: G = PermutationGroup(['(1,2,3)(4,5)", '(3,4'D)
sage: G
Permutation Group with generators [(3,4), (1,2,3)(4,5)]
sage: G.order()
120
sage: G.is_abelian()
False
sage: G.derived_series() # UOOOOOOO
[Subgroup generated by [(3,4), (1,2,3)(4,5)] of (Permutation Group with generators.
-[@3,4), (1,2,3)(4,5D),
Subgroup generated by [...] of (Permutation Group with generators [(3,4), (1,2,3)(4,
~5)1)]
sage: G.center()
Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3)(4,
=5
sage: G.random_element () # random OO0 O O0O0O0O
(1,5,3)(2,4)

(boooooono)
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sage: print(latex(G))
\langle (3,4), (1,2,3)(4,5) \rangle

(Cooooooooo)

Sage OO OO (LaTeX O OO)OODOOOOOOOOOO:

sage: G = PermutationGroup([[(1,2),(3,4)], [(1,2,3)]1D
sage: latex(G.character_table())

\left (\begin{array}{rrrr}

1&1&1&1\\

1 & -\zeta_{3} - 1 & \zeta_{3} & 1 \\

1 & \zeta_{3} & -\zeta_{3} - 1 & 1 \\

3&0&0¢&-1

\end{array}\right)

Sage U0 OODOO0OO0O0ODOODOOOOODOOOODO:

sage: MS = MatrixSpace(GF(7), 2)

sage: gens = [MS([[1,0],[-1,111),MSC[[1,1],[0,111)]

sage: G = MatrixGroup(gens)

sage: G.conjugacy_classes_representatives()

(

[10] [06] [604] [60] [0 6] [0 4] [0 6] [0 6] [0 6] [4 0]
(6 11, [1 51, [5 51, [0 61, [1 2], [5 2], [1 61, [1 41, [1 3], [0 2],

[5 0]
[0 3]
)
sage: G = Sp(4,GF(7))

sage: G

Symplectic Group of degree 4 over Finite Field of size 7

sage: G.random_element () # random OO0 O0O0O0OO0O
[555 1]

[0 2 6 3]

[50 10]

[4 6 3 4]

sage: G.order()

276595200

(booooobooboo)boboooboobooooooo:

sage: F = AbelianGroup(5, [5,5,7,8,9], names='abcde')
sage: (a, b, c, d, e) = F.gens(Q)

sage: d * b**2 * c**3

bA2*cA3*d

sage: F = AbelianGroup(3,[2]%3); F

Multiplicative Abelian group isomorphic to C2 x C2 x C2

(oooooon)
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sage: H = AbelianGroup([2,3], names="xy"); H
Multiplicative Abelian group isomorphic to C2 x C3
sage: AbelianGroup(5)

(Cooooooooo)

Multiplicative Abelian group isomorphic to Z x Z x Z X Z X Z

sage: AbelianGroup(5).order()

+Infinity

212 0O

Sage 000000000 DDOO0OOOODOOUOOUOOOOOUOO Z/NZDOOODODOOOOOOO
oo0o:

sage: R = IntegerModRing(97)

sage: a = R(2) / R(3)

sage: a

33

sage: a.rational_reconstruction()

2/3

sage: b = R(47)
sage: b220052005

50

sage: b.modulus()
97

sage: b.is_square()
True

Sage U0 DOUODOODOOO0OOODOOOOOOODOOOOOOODOO

sage: gcd(515,2005)

5
sage: factor(2005)
5 % 401

sage: c = factorial(25); c
15511210043330985984000000

sage: [valuation(c,p) for p in prime_range(2,23)]
[22, 10, 6, 3, 2, 1, 1, 1]

sage: next_prime(2005)

2011

sage: previous_prime(2005)

2003

sage: divisors(28); sum(divisors(28)); 2%28
[1, 2, 4, 7, 14, 28]

56

56

212. 0O
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gobogboaoboaboodan

Sage O sigma(n, k) OODOO nO0O0 £AODOOOODOO:

sage: sigma(28,0); sigma(28,1); sigma(28,2)
6

56

1050

ooooooOooooo0ooooOoo0oooDoboU o-0DOOOODOOOODOOOODO:

sage: d,u,v = xgcd(12,15)
sage: d == u*12 + v*15
True

sage: n = 2005

sage: inverse_mod(3,n)

1337

sage: 3 * 1337

4011

sage: prime_divisors(n)
[5, 401]

sage: phi = n*prod([1 - 1/p for p in prime_divisors(n)]); phi
1600

sage: euler_phi(n)

1600

sage: prime_to_m_part(n, 5)

401

b0 3n+10000000000000

sage: n = 2005

sage: for i in range(1000):

eeeat n =3 * odd_part(n) + 1
et if odd_part(n) == 1:
I print(i)

ceeat break

obooooboooocoboobooogon

sage: x = crt(2, 1, 3, 5); x
11

sage: x % 3 # x mod 3 = 2

2

sage: x %5 # xmod 5 =1

1

sage: [binomial(13,m) for m in range(14)]

(0o0oooooo)
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(Oooooooooog)
[1, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
sage: [binomial(13,m)%2 for m in range(14)]
[t, 1, 0, 0, 1, 1, 0, 0, 1, 1, 0, 0, 1, 1]
sage: [kronecker(m,13) for m in range(1,13)]
rt, -1, 1,1, -1, -1, -1, -1, 1, 1, -1, 1]
sage: n = 10000; sum([moebius(m) for m in range(l,n)])
-23
sage: Partitions(4).list(Q)
[r41, 3, 11, [2, 2], [2, 1, 1], [1, 1, 1, 1]]

2121 p-00

SageU0 p-00000000DOO0O0OCODOOOCOOOOOOOO p-000000DOO0O0O0OOOOO
obooooobooooboboooobooo

p

sage: K = Qp(11); K

11-adic Field with capped relative precision 20

sage: a = K(211/17); a

4 + 4%11 + 1122 + 7%11A3 + 9%11A5 + 5%1146 + 4%11A7 + 8*%1148 + 7%1149
+ 9%11410 + 3*11411 + 10*11412 + 11213 + 5*%11A14 + 6*11A15 + 2*11A16
+ 3*11A17 + 11718 + 7%11219 + 0(11420)

sage: b = K(3211/1142); b

10*114-2 + 5*114-1 + 4 + 2*11 + 0(11~18)

p-0000000 QRUOODOOOOODOODOODOO0DOODOODOOODOODOOODOODOODOOODOOnDO
0000 Google 1 D ODO sage-support DO D ODOODOOOOOOOODOOO

NumberFieldOODOODOOOOOOOOOOOODOOOOODOOOOOO

sage: R.<x> = PolynomialRing(QQ)

sage: K = NumberField(x*3 + x*2 - 2*x + 8, 'a')
sage: K.integral_basis()

[1, 1/2*%a*2 + 1/2%a, a’2]

p

sage: K.galois_group()
Galois group 3T2 (S3) with order 6 of x23 + xA2 - 2%x + 8

sage: K.polynomial_quotient_ring()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
XA3 + xA2 - 2*%x + 8

sage: K.units(Q)

(-3*a*2 - 13*a - 13,)

sage: K.discriminant()

-503

(oooooon)
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(Oooooooooog)
sage: K.class_group()
Class group of order 1 of Number Field in a with
defining polynomial xA3 + x%2 - 2*x + 8
sage: K.class_number()
1

213 0000000

2131 0000

Sage 0000000000 ODOOOOCOOOOOOO0O0O0O0OOOODOOOO QUOOODOOOOOO
gboboooooooobooooboobo200b00b00b0000000b0ooOooobOOobOO0obOobooboon
obooooobooooood

sage: x, y = AffineSpace(2, QQ, 'xy').gensQ)

sage: C2 = Curve(x"2 + y*2 - 1)

sage: C3 = Curve(x*3 + y*3 - 1)

sage: D = C2 + C3

sage: D

Affine Plane Curve over Rational Field defined by
XAS5 + XA3*yA2 + xA2%yA3 + yAS - xA3 - yA3 - xA2 - yA2 + 1

sage: D.irreducible_components()

[

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
XA2 + yA2 - 1,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
xA3 + yA3 - 1

gboo2p00o0ooboobooooboboooboobooooboboboobooobobobooobooboo

sage: V = C2.intersection(C3)
sage: V.irreducible_components()
[
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
Yy,
x - 1,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
y - 1,
X,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:

X +y + 2,
(ooooooo)
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(0000o000000)
2%yA2 + 4%y + 3

oo00o0o0ooo (L0000 (0,)oobOo0o0oUDULOooOLO0O0oDODUUO0ooOOO0DUOUOOOyOOoOOo
2% +4y+3=000000 200)000000000000

Sage 0O O30000D00000DOO0O300000DO0O0O0O0O0O0O0OO0ODOOOOODODOOO:

sage: R.<a,b,c,d> = PolynomialRing(QQ, 4)

sage: I = ideal(b”2-a*c, c*2-b*d, a*d-b*c)

sage: F = I.groebner_fan(); F

Groebner fan of the ideal:

Ideal (b*2 - a*c, c*2 - b*d, -b*c + a*d) of Multivariate Polynomial Ring

in a, b, ¢, d over Rational Field

sage: F.reduced_groebner_bases ()

[[-cA2 + b*d, -b*c + a*d, -b22 + a*c],
[-b*c + a*d, -cA2 + b*d, br2 - a*c],
[-cA3 + a*d*2, -c*2 + b*d, b*c - a*d, b*2 - a*c],
[-cA2 + b*d, bA2 - a*c, b*c - a*d, cA3 - a*dr2],
[-b*c + a*d, -bA2 + a*c, c*2 - b*d],
[-bA3 + ar2*d, -bAr2 + a*c, cA2 - b*d, b*c - a*d],
[-bA2 + a*c, c*2 - b*d, b*c - a*d, br3 - ar2*d],
[cA2 - b*d, b*c - a*d, bAr2 - a*c]]

sage: F.polyhedralfan()

Polyhedral fan in 4 dimensions of dimension 4

213.2 0000

Sage U0OODOODOO PARIODOODOOOCOODOOOOODOODOODOOCremonad0O0OODOOOO
0o0oo0ooOOoDooOOoDoOOoDoOoD0oOO0 @doooooooodooooooooooooooo)oao
O 00OSecond-descent 1 OO0 OO0 O0O00O0OO Mordell-Weil DO O D000 mwrank 00000000 OSEA
0000000000000 0000DO00000000D0QUOODOO0O0DbO0OO0O00bOOoOoOoOoDbDOooDoOoa
OO00ODenisSimon 00000000000 OODOOODOOODOOODOOO

0000000000000 EllipticCurveODO0O0OO0O0OO0OOOODOO:
* EllipticCurve([a1, ag, as, aq, ag ]): OO OO
2 _ .3 2
Y- +arry +asy = x° + axx” + a4 + ag,

obobooouobdb e, 0 000000000000 000DO000000D00 ;000000
Z000O0OOO0 ;0D QOODOOODODODO

EllipticCurve([aq, ag 1): a1 = a2 =a3=000000000000

e EllipticCurve(C OO ): Cremona 0 (D0 0)OOODOOODOO0OOOCremona0 0O 0OOODOOONO
doooooooooooooono "11a"0 "37p2"0000000O00@0OOOOOO0000ad
doo00)yooooooooooooo
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« EllipticCurve(j): j-000 ;0000000000000
« EllipticCurve(R,[a1, as, a3, as, a6 )): 00000000 ; 000000 ROOOOOOOOO0O00O

gboooobooooboboooooboon:

sage: EllipticCurve([0,0,1,-1,0])
Elliptic Curve defined by y*2 + y = xA3 - x over Rational Field

sage: EllipticCurve([GF(5)(0),0,1,-1,0])
Elliptic Curve defined by y22 + y = xA3 + 4*x over Finite Field of size 5

sage: EllipticCurve([1,2])
Elliptic Curve defined by y*2 = x*3 + x + 2 over Rational Field

sage: EllipticCurve('37a')
Elliptic Curve defined by y*2 + y = xA3 - x over Rational Field

sage: EllipticCurve_from_j (1)
Elliptic Curve defined by y*2 + x*y = xA3 + 36*x + 3455 over Rational Field

sage: EllipticCurve(GF(5), [0,0,1,-1,0])
Elliptic Curve defined by y22 + y = xA3 + 4*x over Finite Field of size 5

00,0000 ¢y’ +y=2>-20000000000 FOOOODOSaee000000000000O0ODO
EC[0,0H) 000000Saged 00 00OO00DOO0O0DOO0O0DOOO0DOOODOOODOOODOO@M@OOOOON
oboooooboooobo3gbobooooobooboooobobobooonoooboon):

sage: E = EllipticCurve([0,0,1,-1,0])

sage: E

Elliptic Curve defined by y*2 + y = x*3 - x over Rational Field
sage: P = E([0,0])

sage: P + P

(1 :0:1

sage: 10*P

(161/16 : -2065/64 : 1)

sage: 20*P

(683916417/264517696 : -18784454671297/4302115807744 : 1)
sage: E.conductor()

37

00000o000pDo0O0 j-00000000000DOCSage0dd0 j-000000000O0O0DOOO
o0:

sage: E = EllipticCurve([0,0,0,-4,2]); E
Elliptic Curve defined by y*2 = x23 - 4*x + 2 over Rational Field
sage: E.conductor()

2368
(oooooon)
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(ooooooooo)
sage: E.j_invariant()
110592/37

rO00j-00000000000O0000C000DOCO0 POOOOOOOOOOOOOOOOOODOO
0000000 (conductor) DO DO OOOODOOOOODOO

sage: F = EllipticCurve_from_j(110592/37)
sage: F.conductor()
37

ooo0 rFO200000000 awispOOODOOOOODOO

s N

sage: G = F.quadratic_twist(2); G

Elliptic Curve defined by y*2 = xA3 - 4*x + 2 over Rational Field
sage: G.conductor()

2368

sage: G.j_invariant()

110592/37

000000000 L-00000000000000 Y0 ,a,¢"000 @, 000000000000
OO PARIO C-O0D0O0O0OO0ODOOOCOODO:

sage: E = EllipticCurve([0,0,1,-1,0])

sage: E.anlist(30)

[e, 1, -2, -3, 2, -2, 6, -1, 0, 6, 4, -5, -6, -2, 2, 6, -4, 0, -12, 0, -4,
3, 10, 2, 0, -1, 4, -9, -2, 6, -12]

sage: v = E.anlist(10000)

e, 0n<10°00000000000010000000000:

sage: %time v = E.anlist(100000)
CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

gboboobobobob Ceemonad000OD0OO00OOO0OO0OOOOOODOOODOOOOODOOODOODOOO
0000O0O0bO000000bO (egulator) DO OOD0OOO0OO0OOOOOODOO:

s N

sage: E = EllipticCurve("37b2")

sage: E

Elliptic Curve defined by y*2 + y = xA3 + xA2 - 1873*x - 31833 over Rational
Field

sage: E = EllipticCurve("389a")

sage: E

Elliptic Curve defined by y*2 + y = xA3 + xA2 - 2*x over Rational Field
sage: E.rank()

2

(ooooooo)
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(ODDO000ooon)
sage: E = EllipticCurve("5077a")
sage: E.rank()
3

Cremona 000000000000 OOODOOOOODOOO

sage: db = sage.databases.cremona.CremonaDatabase()
sage: db.curves(37)
{'al': [[0, ®, 1, -1, 0], 1, 1], 'b1': [[6, 1, 1, -23, -50], O, 3]}
sage: db.allcurves(37)
{'al': [[®, O, 1, -1, O], 1, 1],
'b1': [[0, 1, 1, -23, -50], O, 3],
'b2': [[®, 1, 1, -1873, -31833], 0, 1],
'b3': [[®, 1, 1, -3, 1], O, 31}

ubbooboooooobooboooboooboooD Ellipticcurve DO O O0OO0OO0OO0ODOOOO
oboooooooOooboobooobooooboobooboo0obobO0oobO0O00O00bO0Og Sagedd O
oboooboobbooo c1ooooboooooogooobobbcCremonad 00000 OOOODOOO
boboobobobobobobobobobOobobOobobobob 120000000000000
obooobooogob @oos0 10000)ob00obbSaged0000oonooooOoooonDOnO 2GB)O
O0Stein-Watkins 0 0000000000000 OO0O0OO0OOCOOOOOOOO

2133 0000000

00000000000 ROOOOOD0000 (Z/NZ)* — R*00 ged(N,z)>10000 0 000
000000000 Z—»ROO0O0OO0O0O0D0000

sage: G = DirichletGroup(12)
sage: G.list(Q)

[Dirichlet character modulo 12 of conductor 1 mapping 7 |[--> 1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |--> -1,
Dirichlet character modulo 12 of conductor 12 mapping 7 |--> -1, 5 |--> -1]

sage: G.gens()

(Dirichlet character modulo 12 of conductor 4 mapping 7 |[--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |--> 1, 5 |--> -1)
sage: len(G)

4

.

gobobooobooboobooboobobooboobooboobo

sage: G = DirichletGroup(21)

sage: chi = G.1; chi

Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zeta6b
(OoooDoon)
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(Cooooooooo)

sage: chi.values()

[0, 1, zetab - 1, O, -zetab, -zetab + 1, O, O, 1, O, zetab, -zetab, 0, -1,
0, 0, zetab - 1, zetab, 0, -zetab + 1, -1]
sage: chi.conductor()

7

sage: chi.modulus()

21

sage: chi.order()

6

sage: chi(19)

-zetab + 1

sage: chi(40)

-zetab + 1

000000000000 Gal(Q(¢w)/Q) 000000000000 UDNO (modulus)yODOOOOODO
oboooooooooooobooog

sage: chi.galois_orbit()
[Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> -zeta6 + 1,
Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zeta6]

sage: go = G.galois_orbits()
sage: [len(orbit) for orbit in go]
Ay 2, 2, 4, 1, 2, 2, 1]

sage: G.decomposition()
[
Group of Dirichlet characters modulo 3 with values in Cyclotomic Field of order 6 and.
—degree 2,
Group of Dirichlet characters modulo 7 with values in Cyclotomic Field of order 6 and.
—.degree 2

]

. J

O00Omod200 00000 Q) O0OO000D0O0O0O0OOOOOOOOOOO:

sage: K.<i> = NumberField(x”2+1)

sage: G = DirichletGroup(20,K)

sage: G

Group of Dirichlet characters modulo 20 with values in Number Field in i with.,

—.defining polynomial x42 + 1

& J

gbbooecOUObOOobOOoOobOOobooobooona:

sage: G.gens()
(Dirichlet character modulo 20 of conductor 4 mapping 11 |--> -1, 17 |--> 1,

Dirichlet character modulo 20 of conductor 5 mapping 11 |--> 1, 17 |[--> i)
Cooooooo)
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sage:

(11,

sage:

i

sage:

4

(Cooooooooo)

G.unit_gens()

17)

G.zeta(Q)

G.zeta_order()

oboooooboobobobooboboboboobob0oloooo0obO0obOod pirichletGroupd 300
gbooooboobooooooooo

sage:
sage:
sage:

True

sage:

x = polygen(QQ, 'x')

K = NumberField(x*4 + 1, 'a'); a = K.0
b = K.gen(); a ==»b
K

Number Field in a with defining polynomial x44 + 1

sage:

G = DirichletGroup(5, K, a); G

Group of Dirichlet characters modulo 5 with values in the group of order 8 generated.

—by a in Number Field in a with defining polynomial x44 + 1

sage:

chi = G.0; chi

Dirichlet character modulo 5 of conductor 5 mapping 2 |--> a*2

sage:

[(chi?i)(2) for i in range(4)]

[1, a*2, -1, -ar2]

U000 NumberField(x*4 + 1, 'a" ) UUOOODOODOOSage00O0 «OD0OODOKODOO (eOD0OODOO
0000000 24+ 1)00000000000000000000 «00D00000000000 a =
K.0(a =K.genQODODODOOD)OOOOODODOOO «00002*+100000000000

2134 00000O0OO

Sage 0000000 DDOOO0O0DOODOOOO0DODOOOODODOOOHeckeDDOODOOODOODOOOO
gboooobodoboooooboboooboobooboooonog

gobobooboobooboobobobobbooboobooboobon

sage:
sage:

1

sage:

1

sage:

6112

from sage.modular.dims import dimension_cusp_forms
dimension_cusp_forms(Gamma®(11),2)

dimension_cusp_forms (Gamma®(1),12)

dimension_cusp_forms(Gammal(389),2)

O0000O0 100000 12000000000000000 HeckeODODOOOODOOOOD
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sage: M = ModularSymbols(1,12)

sage: M.basis(Q)

([XA8*YA2,(0,0)], [X49*Y,(0,0)], [X*10,(0,0)]1)
sage: t2 = M.T(2)

sage: t2

Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0(1)
of weight 12 with sign ® over Rational Field
sage: t2.matrix()

[ -24 0 0]

[ 0 -24 0]

[4860 0 2049]

sage: f = t2.charpoly('x'); £

XA3 - 2001%xA2 - 97776*x - 1180224

sage: factor(f)

(x - 2049) * (x + 24)+2

sage: M.T(11).charpoly('x").factor()

(x - 285311670612) * (x - 534612)42

To(N)OI(N)ODOODO0OO0O0000000000

s N

sage: ModularSymbols(11,2)

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: ModularSymbols(Gammal(l1),2)

Modular Symbols space of dimension 11 for Gamma_1(11) of weight 2 with

sign 0 over Rational Field

gobogbooe-b00bonoboboo

s N

sage: M = ModularSymbols(Gammal(11),2)

sage: M.T(2).charpoly('x")

xA11 - 8*xA10 + 20%x*9 + 10*xA8 - 145%xA7 + 229*%x26 + 58*xA5 - 360*x/4
+ 70%xA3 - 515%xA2 + 1804%x - 1452

sage: M.T(2).charpoly('x").factor()

(x - 3) * (x + 2)22 * (x4 - 7*x73 + 19%xA2 - 23*x + 11)

* (XM - 2%XA3 + 4%xA2 + 2%x + 11)

sage: S = M.cuspidal_submodule()

sage: S.T(2) .matrix()

[-2 0]

[ 0 -2]

sage: S.q_expansion_basis(10)

[
q - 2*q*2 - g*3 + 2*q*4 + gqA5 + 2*gr6 - 2*qA7 - 2*q*9 + 0(qr10)

oboooobooooobOobooooobobooobooboooooobon
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sage: G = DirichletGroup(13)

sage: e = G.0A2

sage: M = ModularSymbols(e,2); M

Modular Symbols space of dimension 4 and level 13, weight 2, character

[zeta6], sign 0, over Cyclotomic Field of order 6 and degree 2

sage: M.T(2).charpoly('x").factor()

(x - zetab - 2) * (x - 2%zetab - 1) * (x + zetab + 1)A2

sage: S = M.cuspidal_submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of

dimension 4 and level 13, weight 2, character [zeta6], sign 0, over

Cyclotomic Field of order 6 and degree 2

sage: S.T(2).charpoly('x').factor()

(x + zetab + 1)A2

sage: S.g_expansion_basis(10)

[

q + (-zetab - 1)*q*2 + (2*zetab - 2)*q*3 + zetab*q’4 + (-2*zetab + 1)*q*5
+ (-2*zetab + 4)*q*6 + (2*zetab - 1)*q*8 - zetab*q*9 + 0(q*10)

0000000000000 00D0000000D000000 HeckeOOODODODODOOSageOOODOOO
oboooooooo

sage: T = ModularForms(Gamma®(11),2)

sage: T

Modular Forms space of dimension 2 for Congruence Subgroup Gamma®(11l) of
weight 2 over Rational Field

sage: T.degree()

2

sage: T.level(Q)

11

sage: T.group()

Congruence Subgroup Gamma®(11)

sage: T.dimension()

2

sage: T.cuspidal_subspace()

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup Gamma®(1ll) of weight 2 over Rational Field

sage: T.eisenstein_subspace()

Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup Gamma®(11) of weight 2 over Rational Field

sage: M = ModularSymbols(11); M

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: M.weight()

2

sage: M.basis(Q)
(Ooo0ooDoon)
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(ODDO000ooon)
(1,0, (1,8, (1,9
sage: M.sign(Q)
0

T,0000 HeckeOODO (pO0O0)0000OHeckeOOO 7,0 750 75 00000000000000O
gobogoooboooboood

p

sage: M.T(2) .matrix()
[ 3 0 -1]
[ 0 -2 0]
[0 0 -2]
sage: M.T(3) .matrix()
[ 4 0 -1]
[ 0 -1 0]
[0 0 -1]
sage: M.T(5) .matrix()
[ 6 0 -1]
[0 1 0]
[0 0 1]
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030 Oooood

00o000O0b0O0O0b00bO0b0b0d sage 0000000 SageOOOOOOOOOOOOODOOO
Uo00o00obooboboOon sage0d0n0 IPythonO O OO O ODOO0OO0DODOOODOODOOODOOODOOOO
0000000000000 00000D $SAGE_ROOT/ipythonrc OO0 O0DO0OOOOO0DODODOOO
ob0oo0o0OobOob0oboobO0bOSage000OO0oO0OoOoO0obOOoOoOoOobOOoOoOoOoOO:

sage:

Sage 0O OO0O0D0OCul-DOOODODDODO0OO0 quitOO0OD0 exitODODODOOO

sage: quit
Exiting Sage (CPU time Om0.00s, Wall time Om@.89s)

"Walltime"O OCPUDDOOODOOOOO0OO0OOOO0DODOOOOODOOCPUODODD GAPO Singular OO
obooooboooobooboooobobooooobooooobooboooobooboooooobon

OO00D0000kill -900000 SageJ 00D O00O0OO0O0DODOOOOOOODDODOKI11 -900 Maple
000000000000 00000D0 $HOME/ .sage/tmp 00000000000 OO0DOOODDOO
gooooono)

3.1 Sage O OO0

00000 O00D0Sage 00000000 0DOOOCOOOODODOOOODODOOOOODDODOOSagedd
Sage 00 O0ODOOOOOIPythonOOODODOODOO0ODOOODO@OODOOOODOOOO)YDOOODO
0000 Sage 0000000 DOO0OO00O0OODODO %history (D OO %hist)000000O0O0OOOO
000000000 0DOO0OOOIPythonDO0DOO0ODOOODOODODOODOSageO00DOOO?0000000O
"IPython offers numbered prompts ... with input and output caching. All input is saved and can be retrieved as
variables (besides the usual arrow key recall). The following GLOBAL variables always exist (so don't overwrite
them)' 00000000000 O0ODOOOOODO:
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obooobOobooonO (doooobobooooobooooooooo)
_: 0Dooboooboooob (ooobooboooooo)
_oh : DO0O0O0O0O00O0O0O0O0 (DOOOOO0OOO0O000)

gboooooooon:

sage: factor(100)
_il = 202 ® Hhg
sage: kronecker_symbol(3,5)
_2 = -1
sage: ¥hist # 00000000 DOO0CDODOOOOOOOOOOOOOOOO
1: factor(100)
2: kronecker_symbol(3,5)
3: %hist
sage: _oh
4 = {1: 242 * 542, 2: -1}
sage: _il
5 = "factor(ZZ(100))\n'
sage: eval(_il)

6 = 2R & 5z

sage: %hist

: factor(100)

: kronecker_symbol(3,5)
: %hist

_oh

;o _il

: eval(_il)

: %hist

N O v W N e

ob0o0ooobob0oboobOobOooog SageO0O0O0O0oOOobOOoO0OOoOoOOobOOoOoOoOoDOOO

gobobooboobooboobooboboobooboobooboobon

p

EllipticCurve([1,2,3,4,5])
ModularSymbols(37)

sage: %hist

1: E = EllipticCurve([1,2,3,4,5])

2: M = ModularSymbols(37)

3: %hist

sage: %macro em 1-2

sage: E
sage: M

Macro ‘em’ created. To execute, type its name (without quotes).

sage: E

Elliptic Curve defined by yA2 + x*y + 3%y = xA3 + 2*x422 + 4*x + 5 over
Rational Field

sage: E =5

(0o0oooooon)
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(Oooooooooog)
sage: M = None
sage: em
Executing Macro...
sage: E
Elliptic Curve defined by yA2 + x*y + 3*y = xA3 + 2%xA2 + 4*x + 5 over
Rational Field

obooooobooobooboobooob 'oobo0o0o0o0b0o UNIXDODOoooooboooooboooooo
goooog

sage: !ls
auto example.sage glossary.tex t +tmp tut.log tut.tex

gobobbooboooboobuoobooboboboboaobod

O00O0O0O PATHOOODOO Saged binOODOOOOOOODODOODOOODO gpO gapO singular O
maximaOOOODOO0OOOSage00000O0ODOO0OOODOOOOODOODOODOODODOOODOO

sage: !gp
Reading GPRC: /etc/gprc ...Done.

GP/PARI CALCULATOR Version 2.2.11 (alpha)
i686 running linux (ix86/GMP-4.1.4 kernel) 32-bit version

sage: !singular

SINGULAR / Development
A Computer Algebra System for Polynomial Computations / version 3-0-1
0<
by: G.-M. Greuel, G. Pfister, H. Schoenemann \ October 2005

FB Mathematik der Universitaet, D-67653 Kaiserslautern \

32000000000

Sage00O0DOO0O0ODOOODOOODOODOOMDOODDODOOOOODOODODOO)YDOODOO
boboooooboobOobobo loegstart 0000000 @ OOO0OOOOOOODOODOOHDOO
00000 logstart?0000000O00OOlogstart 000000000000 OOO0OO0OOOO
oboooooboobo@ooooobobobooboboooooobo)bobooooboooboooboOoDbO

was@form:~$ sage

| SageMath version 9.7, Release Date: 2022-01-10 |
| Using Python 3.10.4. Type "help()" for help. |

(Co0oooooo)
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(Cooooooooo)

sage: logstart setup

Activating auto-logging. Current session state plus future input saved.

Filename : setup

Mode : backup

Output logging : False

Timestamping : False

State : active

sage: E = EllipticCurve([1,2,3,4,5]) .minimal_model ()
sage: F = QQ*3

sage: x,y = QQ['x,y"'].gensQ

sage: G = E.gens()

sage:

Exiting Sage (CPU time Om®.61s, Wall time Om50.39s).
was@form:~$ sage

| SageMath version 9.7, Release Date: 2022-01-10 |
| Using Python 3.10.4. Type "help()" for help. |

sage: load("setup")

Loading log file <setup> one line at a time...

Finished replaying log file <setup>

sage: E

Elliptic Curve defined by y*2 + x*y = xA3 - x22 + 4*x + 3 over Rational
Field

sage: x*y

x*y

sage: G

[(2 : 3 : 1]

Sage Linux KDEO OOOO konsole U0 D OOOO00OODOOOOOODOOOOOOODOOOOODO
O00000 konsoleD O Sage OO DOODOO "settings" (OO ODODOOOODOOO)OOOOODOOO
"history"(0 O O 0)O "setunlimited"C OO0 00000)000D00000000O0DODOOOOOOOOO
00000 "edit"0O0O0)000 "savehistory as..." (000000000000 O0)000000000O
gobobooboobooobooboobobobobbobooobooboobooboboobooboooboa
xemacs 100000000 O0OCOOOOO0O0OOOOO0OOOOOOO0O0O00OO0

66 030 0000o0od




Sage0 0O O0O0OO,0000 10.3

33 0000000000000 00DODOOd

Sage UODOODOODOOO PythonOODOODOOOOODOODOSage0 0000000000 ODOOOOOO
gbobobooood>»>>Usage: 00000 D0OOOO0O0O0O0DOODOODOO0OOODOOOO0OODOO
gobooboooobOoOon Saged O 0O0O0DOOOO0DOOODOOODOOODOOOOOOODOOO Sage
U0o0O0ooo0OobD pythonOOOOO0OOOO >»>>0sage: JOOOOO0O0OO0OOOO0OOCOOODOOO
g

sage: 2710

1024

sage: sage: sage: 210
1024

sage: >>> 2710

1024

N\

34 000000

obooobooO0%time 0000000000 OOOOODOOODOOOOODOOODOOOOOOOOOOO
oooogooooooobooboooooboboooooboobooobooboooobobbooooDboo
O000O0O0O0O0OD0ODDDO0O000 Sage000O0OO0ODOOOOODODODDDOOOOOOOOOOOOPython
oboooooooon:

sage: %time a = int(1938)2int(99484)
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

oooooobooobDoecDODO "Walltime" OO DO ODOD0OODOOOOODOOOOOOG6OODOONO
gooooooooooooboobboobboobboobooooooooobboOoDbOb "Wall time"D CPU
gbooooboooooobooog

00000000000 SagedOOOO Integer 00000000000 ODOO0O0OODOOODO SageO
Integer 0O O CythonOD OO GMPOOODOODOOOOODOOOOODO:

sage: %time a = 1938499484
CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

PARIO C-0000D0O00OO0OOO

sage: %time a = pari(1938)2pari(99484)
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05

GMPOUOOOOOO0OO0OOODODOO SageOOOOOOO PARIOOOOOO GMPOOOOOOO
oboooooboooooooo)o
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oo0ooboodbD cputime 0000000000 DOOO0OOOOODOOODOOOOOOOODOODODOO
googoob:

sage: t = cputime(Q)

sage: a = int(1938)4int(99484)

sage: b = 1938499484

sage: c = pari(1938)“pari(99484)

sage: cputime(t) # random OO0 0O0O0O0OOO0OOO
0.64

sage: cputime?

Return the time in CPU second since Sage started, or with optional

argument t, return the time since time t.

INPUT:

t -- (optional) float, time in CPU seconds
OUTPUT:

float -- time in CPU seconds

walltime OO0 000000000000 O0COO0O0O0O0O0C00OD00 cputimeO000000O0000O0O

oo00o0boOobodbSage00Oooboooobooboooobobooboobooboboobbooobooo
gboooobooooboobooooboboooooboooboobobooooboboooobooboon
oboobooobooooooooobog (walltime)DOOOOO0OOODOOOOCPUDODOOOOOOO
gbooobooboooobooboooobobooobooboooobobooooboon

sage: time 1938499484;
CPU times: user 0.01 s, sys: 0.00 s, total: 0.01 s
Wall time: 0.01
sage: gp(®
0
sage: time g = gp('1938499484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: maxima(0)
0
sage: time g = maxima('1938499484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.30
sage: kash(0)
0
sage: time g = kash('1938499484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.04
sage: mathematica(®)
0
sage: time g = mathematica('1938499484")

(oooooon)
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(Oooooooooog)
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.03
sage: maple(0)
0
sage: time g = maple('1938499484")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.11
sage: gap(0)
0
sage: time g = gap.eval('1938499484;;")
CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 1.02

000000000000 000000GAPO MaximaOOO (DOOODOODOO sage.math.washington.
edu0O00ODHOOOOODOODO pexpect OO0 O0O0OODOOOOOOODOODOODOODODOODOOO
oobdno Sagee00O000OO0OD0OODOODODODOOODOODOODOOO

3.5 IPythonO OO O

U0000bD000D0Sage000000O0O0O0O0ODOOO IPythonODOOODOOODODOOOO IPythonO OO
000000000000 00000o0o0o0U0oOOoOoooOoOoOooOooooOOO full IPython documentation
obobooooooooooooobob IpyhonOOO0OOO0OOO0OOO0OOOOOOOOODOOOOOOO
gobgboboobooaobooobod:

* %edit (%ed edODD00)ODOOODO0O0O0O00O00OCOOODOOOOOO00O0OODODOODODDO SageUd
U0oooooon epiToROODOOOOOCOOOO00O00000O0 (export EDITOR=/usr/bin/emacs
000 export EDITOR=/usr/bin/vimO 0000 .profile00000000O0O0O0OOOO)OO
OO0 SageD000D0O0O %dit 0000000 0DOO0OO0O0O0ODO0OOOOOODOO0OOODOODO

def some_function(n):

return n**2 + 3*n + 2

oooobbooooboobooooboooooboobobOod some_functionDO0 OO0
O000000oooDDDo0oO0OD00 SageO0O0O000 %edit some_functionOO0O0O0O0000OO

- J0000000C0CO0DOOCODOOODOOOOO%repOOOODOOOOOODOOODOOODOOODOO
0000000000 SageOO00OODOOOOODOODO:

sage: f(x) = cos(x)
sage: f(x).derivative(x)

-sin(x)

O0000 Sage 0000000 %rep0000000D0DDO SageOD0OO0O0O0O0O000 -sin(x) 00O
gbooooobooooooboon
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IPython OO OO0 ODOUO0ODOODO0ODOODO0ODODOOO %uickref 1000 O0ODOOO0O (20110 40)
00 Saged IPython 000000 09.1 00000000 documentation for its magic commands O 00 O O
o0o000O0bO0o00O0b0obOO00DOO0bO0O0obOOoOooOOobDOobObOooOoDoOoOoOTIPython ODODOO
gooooobooooooboo

36 00000000

00000bo0o0ooboo0obDoOgbOPythonO0OOO0OO0OOO(exception DO O DOOO0O0O0OOODOOOO
gboooooboboboobobobuooboboboooobOl NameError U ValueError U0 0O
0000000 (kythonDOOO0DODOOODOOO [PyLR]IOODOODOOOOOOOOOOOHOODDOO
oooo:

sage: EllipticCurve([0,infinity])
Traceback (most recent call last):

SignError: cannot multiply infinity by zero

gbdbdoboboboooooooooboobooooooboobOobOobOobOob %pdeOOoooo
gboooboo/Moobooboo@ooooboo)yoboobooooooooboooobooobooo
oboo0Ogipdb>000000000C00ODOO0O0OO0OOCOODOOOOOOOODOOOOODOOOOOOO0
gooooobooooooobooooooo

sage: %pdb
Automatic pdb calling has been turned ON
sage: EllipticCurve([l,infinity])

<class ﬂexceptions.TypeError'> Traceback (most recent call last)

ipdb>

oboooOoboooobOobooooboooonipde>0000000 ?2000000O:

ipdb> ?

Documented commands (type help <topic>):

EOF break commands debug h 1 pdef quit tbreak
a bt condition disable help list pdoc r u
alias c cont down ignore n pinfo return unalias
args cl continue enable j next pp S up
b clear d exit jump P q step W

whatis where

Miscellaneous help topics:
Cooooooo)
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Sage0 0O O0O0OO,0000 10.3

(Cooooooooo)

exec pdb

Undocumented commands:

retval rv

SageUOOOOOCul-DO quitO0OOOODO

3.7 0000000000D000O0O0ODO

obooo:0obooobooobooobooboo0 aerl-p(OOOOOOOOO)ODOODODOODOOO
oo00ooboobo0obobo0obooboobobo0boooobobDSagedogbooooooobooooOonO
gbobOdc¢rl-r00000bo0oboobobobooooooooobobobobooboooooooo
00000000 readline0 0000000000000 0OO0O0O0 LinuxOOOOOOOODOODOOO
goo

0000000000000000300000000V=Q*0000000:

sage: V = VectorSpace(QQ,3)
sage: V
Vector space of dimension 3 over Rational Field

gboooobooooboboooooboon:

sage: V = QQ*3

ooo0o0oooboOooooovoooooooooooooboooooOoov.b0bo0o0DoO0 [tab]
gbooooood:

sage: V.[tab key]
V._VectorSpace_generic__base_field

V.ambient_space
V.base_field
V.base_ring
V.basis

V.coordinates

V.zero_vector

oboooooooooonoonooD [tab OO1000O0O0OO0OO0OO0OOCOOOOOOOOODOODOOO
gooooooooboo
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sage: V.i[tab key]
V.is_ambient V.is_dense V.is_full V.is_sparse

0000000000 000000DO0O0Ocoordinates 0000000000 OOOOOOODOOOO V.
coordinates? 0000000000000 O0OO0OOOOO V.coordinates?? 010 00000OOOONO
O000000O00oooooaoa

38 00000000ODO

Sage U0 ODOODOODOODOODOOOOOODOOODOOOOOOOODOODOWCOOOOOOOOODOOO
gobooboooboooboooboon

p

sage: V = QQ*3
sage: V.coordinates?

Type: instancemethod
Base Class: <class 'instancemethod'>
String Form: <bound method FreeModule_ambient_field.coordinates of Vector

space of dimension 3 over Rational Field>

Namespace: Interactive

File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py

Definition: V.coordinates(self, v)

Docstring:

Write v in terms of the basis for self.
Returns a list c such that if B is the basis for self, then
sum c_i B_i = v.
If v is not in self, raises an ArithmeticError exception.
EXAMPLES:
sage: M = FreeModule(IntegerRing(), 2); MO,M1=M.gens()
sage: W = M.submodule([M® + M1, MO - 2*M1])

sage: W.coordinates(2*M0-M1)
[21 _1]

oobooooboboooobooooooooooooboooboobbooooboooooobbooooboooboboOoo
gbooouobooobooboobooooboboooooboooboobooboooobobooooboooboon
gboooobobooooobooooboobooon

U00bDoboO000Sage 000 000DOODOODOODOOOOOOOL0 PythonOOODOO0OOO0OOO
22000000 £0000000000000O0DOO0OOOOO0OO0OOO0O
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sage: V = QQ*3
sage: V.coordinates??
Type: instancemethod

Source:

def coordinates(self, v):

i

Write $v$ in terms of the basis for self.

i

return self.coordinate_vector(v).list()

0000000 coordinates 0 00 coordinate_vector 0000000000000 OOO0OOO0O
0000000000000 coordinate_vectorJ 0 O0O00O0O0OOOOOOO:

sage: V = QQ*3
sage: V.coordinate_vector??

def coordinate_vector(self, v):

return self.ambient_vector_space() (v)

coordinate_vector 00000 OOODOOO (ambientspace) 1D DD OOOO0O0O00O00OO0DO0OO 00O
0000000 VOOO00000000000000000000000VD Q*0000000000
boboboooooboobOobOobOobOobOobOn coordinate_vector O OOOOOOODOOO
oboooooooooboobooooooooon:

sage: V = QQ*3; W = V.span_of_basis([V.0, V.1])
sage: W.coordinate_vector??

def coordinate_vector(self, v):

i

i

# First find the coordinates of v wrt echelon basis.

w = self.echelon_coordinate_vector(v)

# Next use transformation matrix from echelon basis to
# user basis.

T = self.echelon_to_user_matrix()

return T.linear_combination_of_rows(w)

(goboobooobooooboooboooboobooboobobOOobooOooboboOobboobooboobOoooboooon
oooooooono)

help(UOODOO)OOOO help(OUUOOOHODOODOOUOOODOO OO0OO0DOman0OO0OO0O0ODOO
gboooooboooooboo
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sage: help(VectorSpace)
Help on class VectorSpace ...

class VectorSpace(__builtin__.object)

| Create a Vector Space.

|
| To create an ambient space over a field with given dimension
| using the calling syntax ...

00000000000 DO0O0O0D0O0OD00DO0DO0OD00ODOO0DOO0ODOO0ODOODODOoODOoODOoOoOooOooOon
000 function name? 00 0000000000000 O0OOOODOOODOODOOODOOOOO helpCd
0oooO0)bO0oOo0obO0o0O0oDbO0O0Ob0ODbO0O00 sage.modules.free_moduleJ0OOOOOOO
00ooooooooboboooooooooooooDOn help(sage.modules. free_module) 0000
000000000 bOO0O0OO00bOO0bO0oD000bOO0o0oDO0o0o00DO /00000000 O00O0DOODOO?00
odoooooOoooooooooon

39 0000000000 DOoOoO

goboboboaoboooboobuoobobobobboboobooboobooboboooboaboa
gobgoobooobooboobooboobobboobooboobooboboboboboobobooboo
gboooboobooobooboboooobobooobooboooobobooooboaon

1. 00000000:0000000000000000000 (GAPO Magma 0O 0)O
2. 00000:00000D00000D0DO0OO0ODOODOOOOD (GAPO PARDO
3.000:000000000D00000DDO0O0O0ODOOOODOO (Singulard PARDO

PythonODOO Sage OO0 DO OO00OODO0ODOOOOOOODOO@OO)OODODODODODOOOOODOODO
oo000o00ooOooooOo0o0ooo00ooDOo0o0oDo00Oo00O000DOO000O000 PARIO
gboooooooooobooooobobooboobooooooboooboobooooooooooooon
obooooboobooobo(@oobooobo)oboobooboobooooboooooobobooobooooon
oooooopboob pythonODOOOOODOODOOOOODOOOODOD

00000 SageO0 00000 x0O000D000 save(x, 00000 @OOODOOODOO x.save(DOO
oO)y)oooooooooobooboobooobooooobooooobooooboobooboooooon
0booobodD lead(@OOO0OOYDODOOODO

sage: A = MatrixSpace(QQ,3) (range(9))A2
sage: A

[ 15 18 21]

[ 42 54 66]

[ 69 90 111]

sage: save(A, 'A")

. J
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0000000 Sage0 0000000 ODOODOOOADDODOODOO:

sage: A = load('A")
sage: A

[ 15 18 21]

[ 42 54 66]

[ 69 90 111]

obooooboooobooboooobobooooobooooobooboooobooboooooobon
oboooooboooooobobooobobooooobooboooobooooobooon

sage: E = EllipticCurve('lla')

sage: v = E.anlist(100000) # 0000000000
sage: save(E, 'E")

sage: quit

o000O0o000O0 EQOODOOODOODOOODD e, DO0 100000000000000153KO0O0O
oboooood

~/tmp$ 1ls -1 E.sobj

-rw-r--r-- 1 was was 153500 2006-01-28 19:23 E.sobj
~/tmp$ sage [...]

sage: E = load('E")

sage: v = E.anlist(100000) #00O0O0O

(Python OO DO OOODDDOOOOD cPickle 0000000000 O0O00ODOOSage00O0O000O x0O
000 cPickle.dumps(x, 2) OO00O000O0O0O0O0O0O0O0OOO0OO 20000)

Sage U0 OUODOOOODOODOODOGAPO Singulard Maxima OO DO OO OOOODOOODOODOOOO
o000O0o00obO0O000o0o0oO00obO0o0ooOo000Db00 'nvalid(@O0OOO0)O0DOOOODOOO
oboooGApPOOOO0DOOOOOOOODOOODOOOOOOOODOOOOOOOOOOOOOOOOOn
oboooboooboooooboboooobooboboooboboobooooboo

sage: a = gap(2)
sage: a.save('a')
sage: load('a')

Traceback (most recent call last):

ValueError: The session in which this object was defined is no longer

running.

GP/PARIODOO00O0D0ODOOO0DODOOOOODODOOOODDOOOODOOOODOOOODOOOODOO

sage: a = gp(2)
sage: a.save('a')
sage: load('a')

2
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obooooobooooobooboobooobooob0bbo0bo0obo0b00DbD00D0O Saged O
oooboobOobobobooooo3xoooosXoooouoooDouoDodD 640000 Linux O Sage
gbooooooboobobooooogobooSXuboouooooooboobooooooooboboo
0b00o00O0bO00O0000bO0000nb0ODnD Saged 000000000 ODOODOOOOODOOOOOO
obooooooboooobooboooobobooooobooboooboobooooboboobooobooboon
bobooboooboooboooooooooboobooooooooobooboobo @obooaon
uboooO)oboobooobOoboobOoboooobOoooobo SagedOObOOoOoOOoOOODOOO
obooooobooooooboooobobooooobooooobooboboooboobooooooboon
00000 x._dict__0)DO0DbO0O0OO0x0o000oooooooooooboboobooboboobooo
gboooboobooobooboboooobooon

391 00000 O0OODOO

obooobooo ASciooogooooogoooooooooboooooooooobooboobooboooboon

oobooobobobobooboboobogooooooooobooooooo@oubooooboooooo
gbooooboboooboobo)yooobobooooboboooobooboobooboobooooobo

sage: R.<x,y> = PolynomialRing(QQ,2)
sage: f = (x+y)Ar7

sage: o = open('file.txt','w")

sage: o.write(str(f))

sage: o.close()

3.10 0 0O0O0DbOoooooooon

Sace U0 DOOD0O0ODOOO0ODOODODOOODODOOOODODOODODODOOOODO

0000 save_session(U O 0O000O)000OO00OO0O0O0OO0OOOO0OOODOOOOOOOOOOOOOO
obOooboobooooboobooooooobobo@Woooooboobooboobooooobooboon
ooboooooooobooobooooooooooobbooboobooO)oooD wsobjOOooooooo
gbooouobooobooboobooooboboooooboooboobooboooobobooooboooboon
gbooooboooobooboooobobooooobooooobooboooobOobooooooboon

oboooooo0obooobobO0ob0obO b0o0b00b00b000000D00 load_session(DOOOOMO)
gobobooogboboboboooobobobobobobooooooboobobobobobog
gbooooboooobooboboooooboooooaon

00 Sage00000O0O00O0DOODOOOOODOO

sage: E = EllipticCurve('lla')

sage: M = ModularSymbols(37)

sage: a = 389

sage: t = M.T(2003).matrix(); t.charpoly().factor()

_4 = (x - 2004) * (x - 12)22 * (x + 54)*2

76 030 0000o0od




Sage0 0O O0O0OO,0000 10.3

obobooobooboboobobOoobooboboobooOoboboOoboooboboO.sebjOOooooooOoOoOO
oboooogo3Koooooooooooo

s N

sage: save_session('misc')

Saving a

Saving M

Saving t

Saving E

sage: quit

was@form:~/tmp$ 1ls -1 misc.sobj

-rw-r--r-- 1 was was 2979 2006-01-28 19:47 misc.sobj

ob0don0 Sagee0O0O0O0O00O0O0O0O0OO0OOODOODOODOOOOOOOOOOODOODOOOOOOOOOO
ooo

sage: b = 19

sage: load_session('misc')
Loading a

Loading M

Loading E

Loading t

. J

gboooboobooooboboooobobooobooboobooyboboobbobobbOOobOODO

sage: M

Full Modular Symbols space for Gamma_0(37) of weight 2 with sign 0

and dimension 5 over Rational Field

sage: E

Elliptic Curve defined by y*2 + y = xA3 - xA2 - 10*x - 20 over Rational
Field

sage: b

19

sage: a

389
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79

40 0UOO0OOO0OO0Ooooo

Sage U0 O0OO0OO0OO0O0ODOOODOOOOODOOODOOOOODOOOOOOOOODOOOOOOOODOOOO
Uo0oo0od pythonDOOO00O0OOD0DODOO0OOODOODOOOOODOODOODO SageOOOOOoDOO
gbooooboooobooboooobobooooooboon

00000000000 000000 consoled 0000 interact0 00000000 OOO0OOOO
obooooGcApOOOO0OOOOODOOOLOOODO:

1. gap.console(): 0O ODOOO0ODO GAPOOUOOOOODOOODOOOOODOOODO cGAPODOOODO
Sage OO0OO0OLnuxO bash OO OOO0OO0O0D0OO0O0O0O0O0O0O0ODOOOOOOOOOOOOOOO

2. gap.interactQ: D0 0O00D00O0Sage 00 00OO0OD0OOO0ODOOOODOOOO GAPOOODOOOO
oooooooooooooooooooboooooooboGAPOOOODO@COOOOOOO
obooOoO0O0)SageO0OO0O0OODOO0OO0OOODOODOOOOODOOOO

4.1 GP/PARI

oboboooobo0oooooooDOo PARIDODOODOODOOOOOOOOOOODOODOODOODOODbOOOn
OO0000OSage00O PARIDODODOOOOODOOOO20000000000000000D0O0OO:

*gp-"GoPARI"ODOOOODO
e pari-PARICOOOODO

gbooouobooobooboobooooboboooooboooboobooboooobobooooboooboon
gbooooboooobooboooobobooooobooooobooboooooboobooooooboon
ooooo

sage: gp('znprimroot(10007)"')
Mod (5, 10007)

sage: pari('znprimroot(10007)"')
Mod(5, 10007)

oooooooooepO0O0O0O0ODOOOOOOOODOOOOOOOOODODOODOOOOODOOOOO
'znprimroot(10007)' DO DO ODOOGPOOOOOOOOOOOOOODOODOODOOOOOODO (OO
oGpO0O0D0O00O0OO0O0DOOODOOOOODOOOODOOO)YDODOOOODOODODOOODOO
oobooooooobooboo0obooobbooboo0obOo0Dbo0oo0o0Dn "znprimroot(10007) !
OPARICOOOODDDOOODOOOOOOOOOOODOD PythonOOODODDDOOODODODOOOOO
obooooboooobooboooobobooooobooooobooboooobooboooooobon
gbooooooooogoobooog:
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sage: type(gp('znprimroot(10007)'))
<class 'sage.interfaces.gp.GpElement'>
sage: type(pari('znprimroot(10007)'))
<class 'cypari2.gen.Gen'>

gobooooboooooboooooboooobOooobbOoOooooooboobooooboepOOOobOOOoOoOO
GP/PARIOUOONO0OOOOOOODOOODOO0O0ODOOOGPPARIODODOOOOOOOODOOODOODOOO
000000 PARIDOODOOOOOOOODOOOOOOODOOOOODOOODODOOODOOODDOO
gbOCcoooobooooo)PARIDODOOOOOOOODOOOOODOOOOODOOODOOOOOOOn
obobooooboooooooboobobobooboooooooboobOOobOon PARIOOOOODOOO
obooobooobooobooboPARIDOODOOOOODO GpOOOOOOOODOOODOODOODOO
goo

(ooOooooOoooooOoooobooobooOocpObOOOOOOODOOOODOOODOOODOOODO
oboooooboooobooboooobobooooobooobooboobooooboboobooobooboon
obobooobooooboboboobooooooboob GpOb0ObOobOOObOODODODUODOO
UOPARICOOOOO ODOOOOODOODOODOOOOOOOOOOOOOOODOODOODOOOOOOn
00 PARIOOODOOOOOOOOOCOOCOOOODOODOODOOOOOOOOOOOOOOOOOOOn
ooboooboboo ooMBODODODODODODODOOODOOODODODODOODODOOODODODODOODOOOO
gbooboobooboobobooooboooobooboooooboooooboooboooooong)

0b00000Saged PARICOOOOOOOOOO GP/PARIDOOOOOOODOOODOOODOOOOOO
oboooooboooobOoboooobOo pythonODOODOOOO0ODODOODOODODOOOO

O000PythonO0DOOOOO PARIDOODOOOOODOOOO

sage: v = pari([1,2,3,4,5])
sage: v

[1, 2, 3, 4, 5]

sage: type(v)

<class 'cypari2.gen.Gen'>

PARIDODOOOOOOODO GenOOOODOO0ODOODOODOOOODOOOD PARIDOODOOOODOO
gbooobooboood typeOn0Od4d

sage: v.type(Q)
't_VEC'

PARIDOOOO0OOOOO0DOOODOellinit([1,2,3,4,5D000000Sage000000000OOellinit
000t VECoOOOOODOO PARIOOOOOOOOOODOOO0O0OOODOOOOOOOOOO0O0

sage: e = v.ellinit(Q)

sage: e.type()

't_VEC'

sage: pari(e)[:13]

[1, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

gbooboobooobooboboooobooboooobooooobooboo
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sage: e.elltors()

[1, [1, [11

sage: e.ellglobalred()

[10351, [1, -1, ©®, -1], 1, [11, 1; 941, 1], [[1, 5, ®, 1], [1, 5, O, 111]
sage: f = e.ellchangecurve([1,-1,0,-1])

sage: f[:5]

[1, -1, 0, 4, 3]

4.2 GAP

Sage 00 GAP44.1000000000D00000DOO0OOODOOOODOOOOODO

000000000 GAPO 1dcGroup OO0 O0OO0OOOOOOOOOODOODOOOOOOODOODOOO
goooooobooooboobooogoboboooooboobooobobobooobobobooobooDboo
gboooboobooobooboboooogn

sage: G = gap('Group((1,2,3)(4,5), (3,4))")
sage: G

Group( [ (1,2,3)(4,5), (3,4 1)

sage: G.Center()

Group( O )

sage: G.IdGroup(Q)

[ 120, 34 ]

sage: G.Order()

120

OooooobDOoGcAPOOO=00000000000000D00 SageoooonooDO:

p

sage: G = PermutationGroup([[(1,2,3),(4,5)1]1,[(3,4)]1]D)

sage: G.center()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3)(4,
=5)1)

sage: G.group_id(Q)

[120, 34]

sage: n = G.order(); n

120

(GAPOUUODOUODOODOODLOOODOOD SageUOODbOObOODODODbDOODODbDObDOODODOO
00000 sage -optional 000000 0O0O0OOODOOOO0OODODOOOOOODOOOOOOOOOO
00 gap\_packages-x.y.zOOOOOOOODOOOO sage -i gap\_packages-x.y.zO OGO 4OdQOdodd
U0o0oo0oo0obo0ob0obOobOo GPLOODO GAPOODODODOGAPOODODO [GAPKglO DO
0000000 $SAGE_RO0T/1ocal/lib/gap-4.4.10/pkg 0 0000 0O0O00OO0OOOOOOOOOONO)
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4.3 Singular

Singular 0 0 00 0000000000000 gedd 00000 Rieman-Roch 000000000000
00000000000000000000000000000000000000000000000
0000000000 Sage 00 Singular 000 0000000000000 0COCOCOO (....00000
0oo):

sage: Rl = singular.ring(®, '(x,y)', 'dp")
sage: Rl

polynomial ring, over a field, global ordering
// coefficients: QQ

// number of vars : 2

// block 1 : ordering dp
// : names Xy
// block 2 : ordering C

sage: f = singular('9*yA8 - 9%*xA2*yA7 - 18*%xA3*yA6 - 18*xA5*yr6 +'
cenai "OFXAGFYAL + 18FXATFYAS + 36%xA8%yA4 + 9*xA10%yr4 - 18%xA11*FyAr2 -
eenas '9FXAL12%yA3 - 18*%xA13*yA2 + 9*xA16')

fO00D0oO000DOOoO00O0DOOOoO00ODOOOU0ODOoOoUOODO

sage: f
9*xA16-18%xXA13%yA2-9*xA12%yA3+9*xA10%yA4-18*XA11*yA2+36%XA8*yA4+18%XA7*yA5-18*%xA5%yA
—6+9%XA6*yA4-18%XA3*yA6-9*XA2%yA7+9%yA8
sage: f.parent()
Singular
sage: F = f.factorize(); F
[1]:
_[1]=9
_[2]=x26-2%xA3*yAr2-xA2%yA3+yr4
_[3]=-xA5+yA2
[2]:
1,1,2
sage: F[1][2]
XA6-2%XA3*yA2-xA2%yA3+yAr4

GAPOUODOOO GAPOUOUODOODOOSIngular OO0 D0O0OO0ODOOOOOOOOOODOODOOOO
000000 SaeeOOOOODODOD Singular O0O00D0D0O0OO0O00O0DOOOOOODOOO))OO
ooooo ....00000000:

sage: x, y = QQ['x, y'].gensQ

sage: f = (9*%yA8 - 9*xA2%yA7 - 18%xA3*yA6 - 18*xA5*yA6 + 9*xA6*yr4
ceand + 18FXAT7FYAS + 36%xA8%yr4 + 9%xA10%yAr4 - 18%xAL1¥yA2 - 9*xAl12%yA3
cenai — 18%xA13*yA2 + 9%xA16)

sage: factor(f)

(9) * (=xA5 + yA2)A2 * (XA6 - 2¥%XA3¥yA2 - XA2%yA3 + yA4)
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4.4 Maxima

Maxima OOLISPOO0OO0O000D0O00O0O SageUDO0O0O0OD000O0OMaximaODOOODOOOODOO
O)gnuplot DO O O0OO0OOSage 0000000 O0ODOO0OO0OOOOD0OOOMaximaOOOOODOOOO
gioboobobOO0OMaximaOOOOOOOOOOO0ODOOOODOOO10000000O0 ODbE)YDO0OOOOo
20 ObEO0O0O0OO0OO0O0DOCOOO0OO0OO0ODOOOODENDOODOCOOOOOOOOOO0DOONDN Maxima
oboboobooboooboooooobbegnuplot 000000000000 O0DOO0ODOO@EOOOODOOO
googooboooboo)oobooboobooboobooboobooobobboobooboo

Sage/Maxima 0 0000000000000 O0O0OOOOOOOO 4, j000004¢/j00000000
oboooooboooon &,y =1,...,40000

sage: f = maxima.eval('ij_entry[i,j] := i/j")

sage: A = maxima('genmatrix(ij_entry,4,4)'); A
matrix([1,1/2,1/3,1/4],[2,1,2/3,1/2],[3,3/2,1,3/4]1,[4,2,4/3,1])
sage: A.determinant()

0

sage: A.echelon()
matrix([1,1/2,1/3,1/4],[0,0,0,0],[0,0,0,0],[0,0,0,0])

sage: A.eigenvalues()

[[0,4],[3,11]

sage: A.eigenvectors().sage()

(cee, 41, (3, 111, rrri, o, o, -41, [e, 1, 6, -21, [0, O, 1, -4/311, [[1, 2, 3, 41111

gboooooooon:

sage: A = maxima("matrix ([1, O, 0], [1, -1, O], [1, 3, -2]10")

sage: eigA = A.eigenvectors()

sage: V = VectorSpace(QQ,3)

sage: eigA

rer-2,-1,11,r1,1,111,CC[0,0,117,[[0,1,311,[[1,1/2,5/6111]

sage: vl = V(sage_eval(repr(eigA[1][0][0]))); lambdal = eigA[0][0][0]
sage: v2 = V(sage_eval(repr(eigA[1][1]1[0]))); lambda2 eigA[O][0][1]
sage: v3 = V(sage_eval(repr(eigA[1][2]1[0]))); lambda3 = eigA[0][0][2]

sage: M = MatrixSpace(QQ,3,3)
sage: AA = M([[1,0,0],[1, - 1,0]1,[1,3, - 21D)
sage: bl = vl.base_ring()
sage: AA*vl == bl(lambdal)*vl
True

sage: b2 = v2.base_ring()
sage: AA*v2 == b2(lambda2)*v2
True

sage: b3 = v3.base_ring()
sage: AA*v3 == b3(lambda3)*v3
True
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O000Sage 000 openmath OO0 00000000000 DOOOCDOOOCDODODOOODODOOOO
MaximaOOOOOOOOOOOOOOOOOOO0OO000O0

gboooobooooboobo (...00o0o0o0)

sage: maxima.plot2d('[cos(7*x),cos(23*x)*4,sin(13*x)43]","'[x,0,1]', # not tested
I '[plot_format,openmath] ')

gbooooob3sgoboooooboooooobooooooDb (....000000):

sage: maxima.plot3d ("2A(C-u?r2 + v+2)", "[u, -3, 31", "[v, -2, 2]", # not tested
Ceaat '[plot_format, openmath]')

sage: maxima.plot3d("atan(-x22 + yA3/4)", "[x, -4, 41", "[y, -4, 4]", # not tested
R "[grid, 50, 501", '[plot_format, openmath]')

gooooooboooooo3ogboooooooo ¢....0obooo).

sage: maxima.plot3d("[cos(x)*(3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)), y*sin(x/2)]",
# not tested

"

coool [x, -4, 41", "[y, -4, 41", '[plot_format, openmath]')

gbooooobooooboboooobooooo c....00O0O0OD):

sage: _ = maxima("expr_1: 5*cos(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0) - 10.0")
sage: _ = maxima("expr_2: -5*sin(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)")
sage: _ = maxima("expr_3: 5*(-sin(x/2)*cos(y) + cos(x/2)*sin(2*y))")

"

sage: maxima.plot3d ("[expr_1, expr_2, expr_3]", "[x, -%pi, %pil", # not tested

R "y, -%pi, %pil", "['grid, 40, 40]", '[plot_format, openmath]')
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Sage TeXUODOUODOOOOODO LaTeXODOODODOOOOOOODODODOOOOODODODODOOOOO
gbobooobooboobooooooooobooobooboooooooooobooboboo@mobooooaon
obooooboooocoboobooooobooooon)

51 00

Sage LaTeX O OODOOOOOOODODOODOODOOOOOOODODOODOOOOOOODOOODOOOO
gboooobooobooboboooobooon

1. Sage U0 OD0OO0OO0O0O0O0DOODO LaTeXOOOOOOODODOOOOOOOODOSageOOOoOoQonO

fooll LaTeXUODOOOODOOOOOOOOOODOSage0 00000000 SageODOO0OO0OOOO
latex(foo) DO DOO0OOODOOOOODOOO TeXODOOOOO(ODOODOOD sOoOooooon)
0000000000000 fooODO0OO0DODOOODODODOOOODODDOOODODDODOODODODO

O0000000 Sage LaTeX OO ODOOOOOOOOOOOOOOOOOOOOOOODO Sage
O00O00O0bO00ob0O0b0o0b00oD0o0ooD0obo0oOD latexQUOODOOOODO LaTeX
oooooo/o0ooobooooooo

.0000000b00o0oobooboOwebO0000000O0O0DOCOO0OOOO0DOO MathJaxOOOOO

O000b000000OMathJax O JavaScript D 0 0000000000000 OOODOOODOOOO
gbobooboobooboboTeXOOoobOoooooobooooobooooo,obooogoobooo
obooooooobobob TeXOOobOooooooooobooboooooooooobooboo
obobobobooooooooooooobobobobobobobooboooooooboooo
O00000O00DO000o0b0o0obonboOd latexOQOOO MathlaxOODOOOO HTMLO O OO
O00000ooooO0o0O0OMathlax OO ODOOOOOO0O0ODOOOOOOOODOOOOOOO
O TeXOOOOOOOOOOOODODOOODODOODOOOODOOOOOOOOOOOOOoOoOOoooao

.Sage 00D 0O0ODOOOOODOOODOODOO MathlaxDOODOOOOUODOOO LaTeXO OO OO

boboobooooobobooobooboobooib LaTeXOOOOOOOOoooooooo
SageUOOSage 00O DOOOO0ODOOOOODOOOODOOOOODOOOOODOOOOODOTeXO
gbobobooooodababobobTexXtuoouooooooboboaobaobooboobobooa
googboobooboobobobobooboobooboobobobon

Ub0 latexQOOOOOOOOOOOODOODOO.

sage: var('z")

z

(Doooooon)


http://www.mathjax.org

Sage0 0 UJO0OO0O,0000 10.3

(Oooooooooog)
sage: latex(z*12)
zA {12}
sage: latex(integrate(z*4, z))
\frac{1}{5} \, z+{5}
sage: latex('a string')
\text{\texttt{a{ }string}}
sage: latex(QQ)
\Bold{Q}
sage: latex(matrix(QQ, 2, 3, [[2,4,6],[-1,-1,-111))
\left(\begin{array}{rrr}
2 &4 &6 \\
-1 & -1¢& -1
\end{array}\right)

O000O000D0OMathJaxOOOOOOOOOOOOOODODOOOO MathJaxOOOOODOD MathJax
0oooooooo0o0ooooooobbobOOOMathJaxO00O0O0O evalOOO SageO 000000 LaTeX
0000000000 CSSO "math"0 0000000 HTMLOODOOO MathJax OO DO OO

s N

sage: from sage.misc.html import MathJax

sage: mj = MathJax()

sage: var('z")

z

sage: mj(z*12)

<html>\[zA{12}\]</html>

sage: mj(QQ
<html>\[\newcommand{\Bold} [1] {\mathbf{#1}3}\Bold{Q}\]1</html>
sage: mj(ZZ[x])

<html>\[\newcommand{\Bold} [1] {\mathbf{#1}}\Bold{Z} [x]\]</html>
sage: mj(integrate(z*4, z))

<html>\[\frac{1}{5} \, zA{5}\I</html>

520000000

0000000000 SageD LaTeXODOOOOOOOOODOOOOOOODO latexQOOOOODOOO
gdboodaiboD LaTeXOUOOOOOODOOOOOOODOOODOODOOOOO LaTeXOOOOODOOO
LaTeX O OO ODOOOODOODOODODODOODOODODODODOD SageObobOobODbDODO
gooooao

0b0000ob0o0boodviewQOOODOOOOOOODOSaged 0000000 view(foo)d OODODOOO
fooll LaTeX O OO DOOODOOODOOOD LaTeXUODODOODODOODOOOOOOODODOODOODOOOO
U0 TeXOUOOOOOTeXOOOOOOODODOOOOOOOOOoOOoOoobOoOoooOooooo TeXxoao
oboboooooooobooooboooboooboooboog (Lelexnooooooo ooonO)o

Uo0ooooobod,view(foo) DODOOO0 MathJax OO O OOODOOO LaTeX OO ODOOOOODOOO
000000000 HTMLDO CSSOO000D00O0000000D00000 SageJOODODODO ASCIIO
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obooooDooboooboooboooboobooboo0ooboooooboboobog SagedoooonO
U000 Mathlax OO O00O0 LaTeXOOODODOODOOOOOOOOOODOODOO MathJaxDO OO
gboboobo TeXOOooooboooboooboooooboobooooboooboooooobooooo
ob000doooobOooboobO0oobooobooboooono LelexOoooooooobobo oOoo
good

gbobooboob TeXO0Ooooooooboobooooooooboooooooooobooooo
ob0oobooobo0obO0oooobooOobooon "ypeset' 000000000 O0OOOOOOOOODOO
0o0o0ob0OobO0o0bD Mathlax OO OOODOOOOODOOOOODOOOOODOOOOODOOOOODOOO
gbooobooobooobooooobooooobo0oobDooooooobDOoOooDOoooOODO "Typeset”
gboboooooboooobobobobooooobogviewQOOOOOOOOOOODODODOODOO
oboooooooo

goboboob TeXOO0ODOOoooohoobooobbooobbo =Xooobboooobooooboo
0000000000000 000D0o0o0O0O000O00DOb0000000D00 <shift-click>000
TnyMCEOOOOOODOOOOOOODODOOOOOOOOOODOOOO0OO0OO0oOOoO0o000bOoona
wSIWYGODUOOOOOO HTMLO CSSOO00000000000o0o0obo0oooooooooooonoo
ooooooboooobogooooobbogooooobooooDooboobboobooooobobooo
o020 ¢$) 00000000000 MathlaxOOODOOOOOOO0OODOOOOOO0OODDOOOO
ooog

53 LaTeXOODOOOODODODODO

latexQ OUOOOO0OOD LaTeXOOOOOOOOOODODOODODOODODOODOOOOOOOOOODOOOO
O0D000 SageUO0DOD0O0O0ODOOOOOOO latexOOODOOOODOOODOOODOODOO latex. (O
gbo .000)00000 [Tab]OOO0OO0OO0OODOOOODOODOOOOODOODOOOO

0000 latex.matrix_delimiters 00 0000000000000 O0O0OODOOOOOOOODOOO
gobgooooboooboobooboobobbobooboobooboboboboboobobooboo
0000000000000 0D00000000000LaTeXO0OOOOO0O0O0OO0OO00DDOOOPython
gboooobooooboobOoboobo 1ocobobooobooboooobooooobooobooon

sage: A = matrix(ZZ, 2, 2, range(4))
sage: latex(A)
\left (\begin{array}{rr}
0 & 1 \\
2 &3
\end{array}\right)
sage: latex.matrix_delimiters(left='[', right="]")
sage: latex(A)
\left[\begin{array}{rr}
0 & 1 \\
2 &3
\end{array}\right]
sage: latex.matrix_delimiters(left="\\{', right="\\}")
sage: latex(A)
(ooooooog)
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(000000 ooon)
\left\{\begin{array}{rr}

0 & 1 \\

2 &3

\end{array}\right\}

latex.vector_delimiters 000000000 OOOOO

(oboboooooboob)obobobooooOobOobOooooDbOOD latex.blackboard_boldO 00O
gobgboboaobooabuoobuogbooobobboboaoboobuobooboboooboaboa
oooooooo(@UuboboO0)OooobOoUooOUODbOoODO SageODOOOOODO \Bold{} OO
gbooooooaoo

sage: latex(QQ)

\Bold{Q}

sage: from sage.misc.html import MathJax

sage: mj=MathJax()

sage: mj(QQ)

<html>\[\newcommand{\Bold} [1]{\mathbf{#1}}\Bold{Q}\]1</html>
sage: latex.blackboard_bold(True)

sage: mj(QQ)
<html>\[\newcommand{\Bold} [1] {\mathbb{#1}}\Bold{Q}\]1</html>
sage: latex.blackboard_bold(False)

uboboooboooboooboooooTeXobOooobooooooooooooooobooooo
OO0 MathJax OO0 TeXOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

sage: latex.extra_macros()

sage: latex.add_macro("\\newcommand{\\foo}{bar}")
sage: latex.extra_macros()
"\\newcommand{\\foo}{bar}"'

sage: var('x y')

x, v

sage: latex(x+y)

X +y

sage: from sage.misc.html import MathJax
sage: mj=MathJax()

sage: mj(x+y)
<html>\[\newcommand{\foo}{bar}x + y\]l</html>

O0000D0o00DbO0o0oO0O0O0oOO0OMathlax OOOOOOOODOOODOOODOOODOOO
D000 TeXOODOODODODODOOOOOOOOo0o0Oo0o0ODODOD LaTeXOOODODDODDODDODDOOO
latex_extra_preamble O DD OUOO0ODOOOOODODOOOOOOOODDOO PythonODOOOOO
ooooOooOooooooobooboooooobooo

sage: latex.extra_macros('')
(Cooooooon)
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(Oooooooooog)
sage: latex.extra_preamble('')
sage: from sage.misc.latex import latex_extra_preamble
sage: print(latex_extra_preamble())
\newcommand{\ZZ}{\Bold{Z}}

\newcommand{\Bold}[1]{\mathbf{#1}}

sage: latex.add_macro("\\newcommand{\\foo}{bar}")
sage: print(latex_extra_preamble())
\newcommand{\ZZ}{\Bold{Z}}

\newcommand{\Bold} [1]{\mathbf{#1}}

\newcommand{\foo}{bar?}

00000 LaTeXOOOODOOODDOOLaTeXOOOODOODDODOOOODODOODODDODOOODOOOO
O000000O0latex.add_to_preamble 0000000000 O0O0ODOODOOODOOOOOODOOOO
latex.add_package_to_preamble_if available DO OOOOOOOO0OOOOOOOOOOOOOOO
odoo0doo0oodoooooooooooooooooog

UbooobooboboogbD geomeryDODOOODOOO0O0O0O0O0OOO0O TeXOOOOOOOO@OO
obooooo)ooboboooboooooboobo PpythonOOOOOOOOOOOOODOOOOODOOO
goooog

sage: from sage.misc.latex import latex_extra_preamble

sage: latex.extra_macros('')

sage: latex.extra_preamble('')

sage: latex.add_to_preamble('\\usepackage{geometry}")

sage: latex.add_to_preamble('\\geometry{letterpaper,total={8in,10in}}")
sage: latex.extra_preamble()
"\\usepackage{geometry}\\geometry{letterpaper,total={8in, 10in}}"

sage: print(latex_extra_preamble())
\usepackage{geometry}\geometry{letterpaper,total={8in, 10in}}
\newcommand{\ZZ}{\Bold{Z}}

\newcommand{\Bold}[1]{\mathbf{#1}}

gboooobooooboobooooboboooooboooboobobooooboboooobooboon
oboooooboboboobOoboooobobooooOobooon

sage: latex.extra_preamble('')
sage: latex.extra_preamble()
sage: latex.add_to_preamble('\\usepackage{foo-bar-unchecked}"')
sage: latex.extra_preamble()
"\\usepackage{foo-bar-unchecked}"'
sage: latex.add_package_to_preamble_if available('foo-bar-checked")
sage: latex.extra_preamble()
(Ooooogoo)
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(OO0OoDoooooon)
"\\usepackage{foo-bar-unchecked}"'

54 LaTeXOOODOODOODOO

ooooboobooboboobo reXOoooobobobooooboobobooooooobooooo
U000000000Db000 MathJax(DO TeXODOO)O TeXOOOO (UOO LaTeXOOO)ODOOO
obooooobooooooobono

latex.engineQ O 00000000000 LaTeX OO OOOOOOOODODODODODOOOOOOOOO
TeXOODOOO latex,pdflatex 000 xelatex OO O DOODOODDOODOOODOOOOOOOOOOO
view() O sage0O0OO0O0OOO0DOOOODOOOOO0DOO latexOOODOOOODOOOOOAiODDOO
O00sage 00000000 xdviOUDOOO)dviOOOOOOOOOODOOODOOOOTeXOOOOOO
O pdflatexO0 0000000 sage0 00000000 vieswQOOODOODOOO PDFOOOODOOO
OSage0000O0O0DOO0O0ODOOODOOO PDFOOODOOODOO (acrobatdokular, evince 1 0)O000O0O

000000000000 TeXOOOOO MathlaxOOOOOOOOOOOODOODOO LaTeXOOOO
0000000 TeXO0O0OOOOOoODoooooooooooooooooooooooooooooo
0000000000000 00000D00000 LaTeXOOOOOOOODOOOODODODOO MathJax
00000 latex(C O OO latex.engine(Q 000000000000 DOD)ODOOOOOODODOOOOO
U000 latex.add_to_mathjax_avoid_list 000 latex.mathjax_avoid_listO0OOOOODOO0O
ooooo

sage: # not tested

sage: latex.mathjax_avoid_list([])

sage: latex.mathjax_avoid_list()

[1

sage: latex.mathjax_avoid_list(['foo', 'bar'])
sage: latex.mathjax_avoid_list()

['foo', 'bar'l]

sage: latex.add_to_mathjax_avoid_list('tikzpicture')
sage: latex.mathjax_avoid_list()

['foo', 'bar', 'tikzpicture']

sage: latex.mathjax_avoid_list([])

sage: latex.mathjax_avoid_list()

(]

00000000 viewQUODOOOOODODO "Typeset' 000000000 0OO0ODOO LaTeXOOOOO
00000 latex.mathjax_avoid_list 00O UO0OO0OO00ODOO LaTeXOOOOODOOOOOOODOOO
00000 LaTeX O OO (latex.engine(Q OO OO0OO)0O00 TeXODOODOODOODOODOOOODOO
O0Sage 0 (DO DOOODOOODOOO)ODOODODOODOOOOOOOODOOODOOOOODOOODOO
oobooooobooooooboo1gboboboooooboooooobooogooo

odbo0o0obO0O00obo0obOo0oU0oobOOo0bobO0oooOoOOoUboO0oobOooooOogTeXoooo
gbodbobodbooboobooobooboboooobOobOobUobooobDobODUobUobUoOoOddvips,
ps2pdf, dvipng 0 0 0 ImageMagick OO0 OO0 convert 0000000 0OOD0OODODOOOOOODOO
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obobooboboooobooooboooboooooooooooooooooobooo PNGOOODOOODOOn
O00OLaTeXOOODO dviOODOO LaTeXOODOOOOODOOODOOODOOODOOdvipngOOOOOOO
O0000LaTeXOOO LaTeXOODODOOOODO dviD OO dvipngDOOOO special D000 DOOO
gboodOOdvipsOOOOOOOOOOOOOOODOOODOO0O0O0OO0O0O000DO0000 pdflatexO0O0O
U000ooobo0oOgPDFOOUODD convert O OO0D0O0O0D0OOO0DOPNGODOODOOODOODOOO
goboobboooooobidond have_dvipng() U have_convert() UULDOO0ODOODOODN
gbooooooao

goboboboaoboooboobuoobobobobboboobooboobooboboooboaboa
gobgoboobooboobooboobobbooboobooboobonobo

00000000 LaTeXOOODODOOODODOOODOODODODOOOO @000 thkz-graph OO0 OOOO
0000)0d LaTeXO tkz-graph 000 0000000000000 0OO0OO0OOOOOOOOOOOO
00d000oodooodo0oooodoo0o0oooooDooooooobDooooooooooa
[0 sage.misc.latex.LatexExamples DO O 0OO0OOOOOOONO sage.misc.latex.latex_examples
0000000 bOO00O00OO0D0O0o0o0o0ooDOo0oooooo0oooDooDoooOoooobOOoobOOoDOOoDa
oo000pstricks O OODOO0O0O0OOOOODODOOO xy, tkz-graph, xypic, pstricks 10 00000000
0000000000000 0000 latex_examples 000000000 0OOOOOOOOOOOO
000000000000 000O0D00DO00DO0DO00O0DO000O000D00000O@ODOODOOgn latex
00000000000 O00DOO0o0bOO00)ODO0ooO0ooO0oOo0O0d viewQUOOOODODOODOODO

sage: from sage.misc.latex import latex_examples
sage: latex_examples.diagram()
LaTeX example for testing display of a commutative diagram produced

by xypic.

To use, try to view this object -- it will not work. Now try
'latex.add_to_preamble("\\usepackage[matrix,arrow,curve,cmtip]{xy}")",
and try viewing again. You should get a picture (a part of the diagram arising

from a filtered chain complex).

55 0000 tkzegraph 0 OO O0O0OOO0DOOO

tkz-graph OO 0000000000 O0OOCOOOO@OOOOOOOOOODOOO)bOOoOOOOOoOaO
Ubo0ooooobobDpef0000D00 tikzOOOOOOOOOOODOODOOOOOOODOODOO
0o00ooboooboboboob TeXOOOOOoooOooboooooooTeXOOoOooooooobooooo
ooooooobooooooboooobobooooobooboobooboooobobobooooDboo
O000exmfOO000000O00000O000O0O0OC0000DO0O000D00OD0O0O00DOD0O0O TeXO
oboooobooooobooboooobobooooobooooobooboooobooboobooooobon
obooooobooboobg rexd0ooooooo obobooobobn

00000000 LaTeXODOOOOODOOOOODODODODODOOOODODOOOODODODOOOOOOO
00000 dvid0OOOD0OO00D0OO00DOO00DO00D000D00OOlatex000O0O0DOO0O pdflatexO 00O
U00000000D00Db00O00OD0OSaged 00000000 view(graphs.CompleteGraph(4)) 00O
0o0o00doo00doo0odoodonD K,O00O0OO PDFOOOOODOOODOOON

gooooobObbOb0O00000oooboD0m@ooooon LaTeXO0OOO MathJaxOO O OO DO mathjax
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avoid list 000000 0OOD0D0OOOODODOODO tikzpicture 000000 0OOOODOOOOO
tikzpicture 00 mathjax avoid list 00000000000 OOO0OOOOODOO0ONO view(graphs.
CompleteGraph(4)) DO OODO0O pdflatex O PDFOOODOOODOOODOOO convert DO DOODOOODO
0000 PNGUUOOODDOODDODOODDODOODDOOOU0ODDODO0ODODDOO0O0OO0DDO0O0O0DDOO0ODOOO0O LaTeX
doodooooodoooooooooooooooooog

sage: from sage.graphs.graph_latex import setup_latex_preamble

sage: setup_latex_preamble()

sage: latex.extra_preamble() # random - OO 0OOOOO0OOOO TexO O[O
"\\usepackage{tikz}\n\\usepackage{tkz-graph}\n\\usepackage{tkz-berge}\n'
sage: latex.engine('pdflatex')

sage: latex.add_to_mathjax_avoid_list('tikzpicture') # not tested
sage: latex.mathjax_avoid_list() # not tested
["tikz', 'tikzpicture']

0000000000 view(graphs.CompleteGraph(4)) U0 0O0O0OOOOOOOOOOO tkz-graph O
000000000 pdflatex 00000000000 DOO0DOOOODOOLaTeXO tkz-graph OO0 00O
ooodoodoooooooOoooDooDooDooooooooooooooooooooooooa
O0O00O0O0DO0OD0OOO0O "LaTeX Options for Graphs"D 0D O OO OO0 OO0

56 TeXOOODOOOOOOO

TeXO Sage OO0 00000000 DOOCODOOOOOO0OOOODOOOOODOODOOOOO TeXOODO
0000doddLinux0000000 TeXliveOOOOOODO TeXOOOOOOOOOOOOOOOOOO
D00o0oboOoO0DDoSXOO TeXshopWindows O O MikTeXOOOUOOOOOODO convert OO DODODOO
O ImageMagick DO OO0 (O OO0OO0O0O00O0O0O0)000000DO0OOdvipng, ps2pdfd dvipsO0O0O0
000000 TeXOUOOOOOOOOOOOODODOOODOO dvipng O http://sourceforge.net/projects/dvipng/
000 ps2pdf O Ghostseript 0000000000 O0O0O0ODOOO

0000000000 0OPGFOODODODOODOOODOOOODOD tkz-graph.sty O https:/www.
ctan.org/pkg/tkz-graph D0 OO0 OO0O0O0OOODOO tkz-arith.styOOOOOO tkz-berge.sty
https://www.ctan.org/pkg/tkz-berge OO0 0 OO0 O OOOODO.

5.7 0000000

TeXO Sage 0000000000 DOODO0O0O0DODOO0O0O0O0O0ODOODO sagetex OO0 TeX O
0000000 LaTeXOOUOO Sage 000000 0D0OO0O00ODOOO0D0O0OOODOOOO latexO
U00o000bOo0O0oob0O0bO0o0o0bO0DO0LaTeXODOOOOOOOOOOOOOSageO 00O
LaTeXUOOUOOUOOUOOOOODOOOOOOOOobOOooOoOobobOuobo0bO0DsagetexOOood
ooooooOoooooboobooobboOobbg SageOODoOOooooobOoobbOOoboboOooooOoo
UbOoo0oo0OobO00oo00g SegeTexU OO OOOODOOOOODO
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6.1 Sage0 000 OOOOODOOO

000000000000 00obO0Db0ObO0ob0Onbon Seage0000bODbDOODOoOoOoOoOoboOooOoOO
example.sage U0 00O 0O0OO0OO0OOOOOOOOOO:

print("Hello World™)
print(243)

example.sage 0O O0OO00O0OO0OO0O0O0O00O0DO0O leadOOOO OODOO

sage: load("example.sage™)
Hello World
8

0000000000 SaeeD0O0D0OO0OO0OOD0OO0O0ODO attachOOOOOOODO:

sage: attach("example.sage")
Hello World
8

0000 attachODOOO0O0O example.sage OO 0OO0OOOO Sage 000D OODDOO (return U
O0)OSage 0O ODO0O example.sage DO OO DOODOOOOODOOO

attachO00 0000000000 OCOO0OO0O0OO0O0OO0O0OO0O0DOOCOOO00O0000000000A0
oboboobobobooboobbooboonb lead0O0O0O0OOOO0ODOODODODODOODODOODOOO
googoobooon

example.sage O OO0 SageO0OOO PythonOOOOOODOOODOOODDO PythonOODOODOODO
oobooobo python OO OODOODOOODOODOODO0ODOODOODN IntegerQUUOOOODOOO
00000 RealNumberQ O OOOOO A0 **0000 R.20 R.gen)O0000O0O0OOODODOOOO
000000000 example.sage OO OO0 example.sage 0000000000 example.sage.py
00000000000 00DO00D000D0O0D00O example.sage.pyDOOOOGODOOODO:

print("Hello World™)
print(Integer(2)**Integer(3))

gboooobooooboooooo 0000000000 ®ythonO O AO0000O0OOOMOO **
ooooooooooon)

00000000 sage/misc/interpreter.py 000 0O0O0OOOONO
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obooooooboboobobOoobOoobooboboooboo0obooobooobooOO SagedgoooonO
ooooo@uobobooooooboobooboobboobbooooO)yDbobog Sagedooogono
gbooouoboooboobobooooboobooboboooobo attach0000O0Ooooon

6.2 0000000

oboooboooOobooobooooboooboobopythonO00OOO0OOODOOODOOOOODOOODOOO
oobooobooooooooooooooboooooboooobooooooooobooboooboooooboooo
O00o0oobOogdbDSaged 0 O0O0ODOOO PythonOOODODOODOOOODOODODOOODOOODOOO
0000000000000000000000000Saged CythonODOOOOOOOOODOOOO Python
oboooOooo (Cyt]O [PyrhDOCythonOOPython O COOOOO0OOO0OOOOOOOOOOOOOOO
U000 +=00000 Ppython OO ODOO0ODOOOOODOODOOOPythonODO0O0OOO0OOODOOODOOO
oooooooooooooooobocobooOooooboooooooooocoobopoooDoboOog
gboooooooooodgboocCythonDOOD0OO0O0ODOO COOOOOOCOOOOOOOOOOOOO
oooooao

Sage D0 DODOODOOODOOOOOOOOODOOODOOODOOODO (.sageO0OO0).spyxOODOODODO
0000000000000 DO000DO000DO0DO000O00000DO000DbOO00DbOO0ODoOOooDoOooOoa
OO0 attachO0O0O0O loadOO0O0O0O0OO0O (QOO0OO0OOOODOODOOOOOOODOODOO CythonO
doodo0odooooobOoooooO)ydoooooooooooooooooooooooooooao
0000000000oooooooOoObOoObOO0OD0OO0O00000d $HOME/.sage/temp/hostname/pid/spyx
O00000OD0OOSage0O0O0ODOOOODOO

Sage O spyx 00 0000000000000 ODOO0OODOOO spyxO0OOOOO 1/30000 1/300
gb0od0boOdO00OOSage000DO0O0ODOOODOOO fool spyxODOOODOODOOODOOO sage.all
0000000000 sage.all.fooO0O00O00O00O0DOOOOO

import sage.all
def foo(n):
return sage.all.factorial(n)

6.21 DOO0O0OOOocCcOoOoOooo

00 *cOUOOOOoOooODODOO cCOdoooooboboooooooobooooooooooooa
0000 test.cO test.spyx U0 UOOOD0ODOOOOOOOOOOOOODOOO:

obO0oCcOuobOoOoOoonOonn test.c:

int add_one(int n) {

return n + 1;

CythonOO0OO0ODOODOOODOOO test.spyx:
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p

cdef extern from "test.c":

int add_one(int n)

def test(n):
return add_one(n)

goooogoboobo coboobobooobobooogn:

sage: attach("test.spyx")
Compiling (...)/test.spyx...
sage: test(10)

11

Cyton 0000000000 O0DOOCOOO0DOOOODOO0OO0DOOOODODOO0ODOOODOO fool
000000000 CythonOODOO clib fooOOOOOOOODOOODOOOOO COOOOOONO bar
U00000 CythonODODOOOOODOO0O0OODOO cfile barOOOOO0OOOOOOOODOO

6.3 0000000 Python/SageO 0000

O0000000000 Sage00O0O00D0O0OO0OODODODOOOODDOOOODO:

#!/usr/bin/env sage -python

import sys
from sage.all import *

if len(sys.argv) != 2:
print("Usage: %s <n>" % sys.argv[0])
print("Outputs the prime factorization of n.")
sys.exit(1l)

print (factor(sage_eval(sys.argv[1])))

00000000 000000D0 SAGE_LROOTO PATHOOOOOOOOOOOOOOOOOOOOOO
factor U0 00000 0ODOOOOOOODOOO:

bash $ ./factor 2006
2 * 17 * 59

6.3. J0O0UOOO Python/SageO 0O OO 95
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64 0000

Sage 10 0000000000000 O0OOOOOOOCOCOO00000000000O0OPython0000
0000000000000 00000000000000000 Sage 00000000 Python D00
0000000 0string(000)0list(000)0 000 (wple)Din(0 0)Dfloal 0000 D0)000000
000000O00O0O0O00:

sage: s = "sage"; type(s)

<... 'str'>

sage: s = 'sage'; type(s) # 00000000000 ODDODOO0ODODODODOOOOOOO
<... 'str'>

sage: s = [1,2,3,4]; type(s)

<... 'list'>

sage: s = (1,2,3,4); type(s)
<... 'tuple'>
sage: s = int(2006); type(s)

<... 'int'>
sage: s = float(2006); type(s)
<... 'float'>

. J

Sace U0 DOODO0ODOODOODODOODODOODOOOODOODOOO:

sage: V = VectorSpace(QQ, 1000000); V
Vector space of dimension 1000000 over Rational Field
sage: type(V)

<class 'sage.modules.free_module.FreeModule_ambient_field with_category'>

obovooooooooobooooobooooooooooobooooboboboobobooooo
O0000O00000O000Db00O000 foo(v,..)0D000O00D0O0OO0O0O0DODOO0ODOOSageO Vv
b @oo)booboobobooooboobdobOJAVALD C++000000boooooooobooboo
ob v.foo(..)O0DOOOOOOODODOOOOODODOOODODOOOODODOOOODODOO
oooooooO0ooooboo0ooooo0ooooo0ooooo0oooooDOoOoo0oo0oDO0d fool
gbooooboooobooboooobobooooobooooobooboooobOoobooooooboon
obooooobooooooboooobobooooobooooobooboboooboobooooooboon
U000 @O0 zetaJOOODODODOOOOODOOOODODODODOODODOOOSOOOODOO
obo0 s=.5; s.zetaQ OUOOOOOOOO)T

sage: zeta = -1
sage: s=.5; s.zeta(Q)
-1.46035450880959

gooooboooooooooobooobooboooooooooooooooobooooobooOobooooo
gboboooOoobooobooobooboobooboobooboooboooboOoboooobooooaooao
ooo

sage: n = 2; n.sqrt()
sqrt(2)
(Ooooogoo)
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(Oooooooooog)

sage: sqrt(2)
sqrt(2)
sage: V = VectorSpace(QQ,2)
sage: V.basis(Q)

[

1, o,

o, D

1
sage: basis(V)

[

(1, o,

@, D

1
sage: M = MatrixSpace(GF(7), 2); M
Full MatrixSpace of 2 by 2 dense matrices over Finite Field of size 7
sage: A = M([1,2,3,4]); A
[1 2]
[3 4]
sage: A.charpoly('x")
XA2 + 2*x + 5
sage: charpoly(A, 'x')

XA2 + 2*%x + 5

AODDODODODODOOOOOOOOOOOOOOOOOOOO0OOOOOOO0O000000o0o0o0o0o0oon
UobobooobooboobooA. 000000000 0DO0O00 [tab]l]OO0OO0O0OO0ODOOOOOO

65 0000000 DOODODOODO

gbooboooooboobooboobooboobOo@ooooooboboobboobbooboon)c
OC+00000000O0Sage00onoooooboooonooDO:

s B

sage: v = [2, 3, 5, 'x', SymmetricGroup(3)]; v

[2, 3, 5, 'x', Symmetric group of order 3! as a permutation group]
sage: type(v)

<... 'list'>

sage: v[0]

2

sage: v[2]

5

O0000D00000PythonD intOD0O0000D00O0OSageD Integer 000000000 DDOOOOO
O (Rational OO0 O0OO0000O0 __index__ 0000000000000 OO0O0DOOOCOO)O
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sage: v = [1,2,3]
sage: v[2]

sage: n = 2 # SAGE[1 O
sage: v[n] # O0OOOOO

sage: v[int(n)] # 000000

range 0O 0O0OPython O int OO0 O0O000000O000O0O (Saged Integer 1O OODOOOOO):

sage: list(range(l, 15))
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]

U0 range0000000O00OO0O0OCODOOOOOOODOOOOOOODO:

p

sage: L = [factor(n) for n in range(l, 15)]

sage: L

[1, 2, 3, 242, 5, 2 * 3, 7, 2A3, 342, 2 * 5, 11, 242 * 3, 13, 2 * 7]
sage: L[12]

13

sage: type(L[12])

<class 'sage.structure.factorization_integer.IntegerFactorization'>
sage: [factor(n) for n in range(l, 15) if is_odd(n)]

[1, 3, 5, 7, 322, 11, 13]

gobgbboobooboobuooboobuooboooboab pyri0boOobO0O

gbboobooboobooboooboobooboobooooLbooobobod Lm:n] 0O mOOO
gboobodr»n—-100000000000CO0DOO0OOCOOODOOCOODO:

sage: L = [factor(n) for n in range(l, 20)]
sage: L[4:9]

[5, 2 * 3, 7, 2A3, 3A2]

sage: L[:4]

[1, 2, 3, 272]

sage: L[14:4]

[]

sage: L[14:]

[3 %5, 244, 17, 2 * 342, 19]

.

obobooobboooooooboobobooobboobo0o0oD0oobbo0o0D00D (immutabley DO OO0
gbooooooooo

sage: v = (1,2,3,4); v
1, 2, 3, 4
sage: type(v)
(Ooooogoo)
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(Oooooooooog)
<... '"tuple'>
sage: v[1] =5
Traceback (most recent call last):

TypeError: 'tuple' object does not support item assignment

SageUUODOOOOODOOODOOOOODOOODOOOOOOOOOOOOODOOOODOOOODOOOO
OPythonOO0OOO0O0O00O0O0DOOOOOOOOCOOOODOOOOOCOODOOOODOOOOOOOO
Sequence 1 00O OOOO set_immutable 0000000000000 OOOOOOODOOODOOOO
gbooboobooooboobooooboooobooboooooo

sage: v = Sequence([1,2,3,4/5])

sage: v

[1, 2, 3, 4/5]

sage: type(v)

<class 'sage.structure.sequence.Sequence_generic'>
sage: type(v[1])

<class 'sage.rings.rational.Rational'>
sage: v.universe()

Rational Field

sage: v.is_immutable()

False

sage: v.set_immutable()

sage: v[0] = 3

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

boooobooooooboboooboobooobooboOobooooooboobooooOoboooon:

sage: v = Sequence([1,2,3,4/5])
sage: isinstance(v, list)

True

sage: list(v)

[1, 2, 3, 4/5]

sage: type(list(wv))

<... 'list'>

obooooboooobooboooobobooooobooooobooboooobooboooooobon
obooooobooooooDo

sage: V = QQ”3; B = V.basis(); B
[
(1, 0, ®,
@©, 1, 0,
%, 0, D

(oooooon)

6.5. 00 0O00OOOOOOOOO 99



Sage0 0 UJO0OO0O,0000 10.3

(Oooooooooog)
1
sage: type(B)
<class 'sage.structure.sequence.Sequence_generic'>
sage: B[0] = B[1]

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.
sage: B.universe()

Vector space of dimension 3 over Rational Field

66 I0DOODOOO

ooooooo@ooooooooooobooooo)ooooooooOboooooobooooDboboOoog
oooooobooooooooooooOoooooooo0o@oooobobooooooDbDboboOog
O http://docs.python.org/tut/node7.html O http://docs.python.org/lib/typesmapping.html O 0O 00 0 )

sage: d = {1:5, 'sage':17, ZZ:GF(7)}
sage: type(d)

<... 'dict'>

sage: list(d.keys())

[1, 'sage', Integer Ring]
sage: d['sage'l]

17

sage: d[ZZ]

Finite Field of size 7
sage: d[1]

5

gboooboooobooboobooooboooooboooob @wo)ooooboobooobooooo
gboooooobooooooo

gobogboboobooaobogbooboobobboboooboobood:

sage: list(d.items())
[(1, 5), ('sage', 17), (Integer Ring, Finite Field of size 7)]

gobobobooboobooboobuoobobbobboboobooboobooboobd:

sage: d = {2:4, 3:9, 4:16}
sage: [a*b for a, b in d.items()]
[8, 27, 64]

gobobooobooboobooboobobbooboobooboo
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Sage0 0O O0O0OO,0000 10.3

6.7 OO

PythonOODODO (sety DO OODOO0O0DOO0ODOOOOOOOOOODOOODOOODOOODOOOOOODOO
gooooobgoboobooboboboooooboobobooooboboboboobobobobog

sage: X = set([1,19,'a']); Y = set([1,1,1, 2/3])
sage: X # random sort order

{1, 19, 'a'}

sage: X == set(['a', 1, 1, 19])

True

sage: Y

{2/3, 1}

sage: 'a' in X

True
sage:
False
sage: X.intersection(Y)

{1}

0b00d0OSage D (Python OO OOOOOOOOODOOOODOOOODOOOO)ODOOOOOOOOOO
U00000D0 Sage U0 0O0D0DO0DOO0OO0OO0OODOODOOODOODODOOO SageODOOOoOooobDOO
ol Set(... 0000000

sage: X = Set([1,19,'a"]); Y = Set([1,1,1, 2/3])
sage: X # random sort order
{'a', 1, 19}

sage: X == Set(['a', 1, 1, 19])
True

sage: Y

{1, 2/3%

sage: X.intersection(Y)

{1}

sage: print(latex(Y))

\left\{1, \frac{2}{3}\right\}
sage: Set(ZzZ)

Set of elements of Integer Ring

68 0 00OOO

ob0Oo0od geerator) DOOOO0OOO Python OO OOOOOOOOOOOOOOOOOOOOOOOOO
ooboooooobobobooobooboobooboooboooooobooooo pyTjoooobob oo
1000000000 00O0O0DOOOOOOOOOOOODOOOOODOOOO

sage: v = (n*2 for n in range(10000000))

sage: next(v)
(@ooooooo)
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(Oooooooooog)
0
sage: next(v)
1
sage: next(v)
4

ooo0oooo pO0 4p+1000000000000O0O0000DDOOOODOOOODOOOODO

sage: w = (4*p + 1 for p in Primes() if is_prime(4*p+1))

sage: w #0000 0xb0853dec DD D ODODDOODOOOO 1600
<generator object <genexpr> at ...>

sage: next(w)

13

sage: next(w)

29

sage: next(w)

53

gbooboobooobooboboooobooooboooboog:

sage: [x for x in GF(7)]

[0, 1, 2, 3, 4, 5, 6]

sage: W = ((x,y) for x in ZZ for y in ZZ)
sage: next(W)

©®, 0

sage: next(W)

@, D

sage: next(W)

@, -1

69 000000DOODODOOO

forU00O0ODO0O0D00OO0O0O0DO0O0O0OO0DOO0ODO0O00O0DO000O000Python OO forO 00O
gboooobooooboobooooboooon:

>>> for i in range(5):

print(i)

B W N =R 2 -
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for 00000 : 0D00D0O0O0DOO0DOOOODOOOD print() 00000O0ODOOOCDOOODOOO
(GAPO Maple UOODOO "do"O "od"O OO Python DD ODOODOODOODOODOODOODOODOODOOO
Ubo0o00bO0b000SagedD : 0000 enter0000000O0O0O0O0OOOOOCODOODOOO

sage: for i in range(5):

print(i) # 0000 [Enter]U 2000

oo =0000000=00000:

sage: for i in range(15):
if gcd(i,15) == 1:
print(i)

if0 forO000 whileOOOOOOOOOOOOOOOOODOOOOODOODOOOOODOOO

sage: def legendre(a,p):

ceeat is_sqr_modp=-1

- for i in range(p):

if a % p == i*2 % p:
P is_sqr_modp=1
ceeat return is_sqr_modp

sage: legendre(2,7)

sage: legendre(3,7)
-1

U000000000DbD00 Python/fSage 0D ODOOO0OOODOODOODOOOOOODLegendre O
O0000D00000000D0000Sage000000D0O0O kronecker JOPARIO CODODOOOO

000 Legendre UOOOOO0OO0OODOOOO

ugbodgbobodb =0 !'=U0<x=U>=0>0<000000b00bo0bo0aoboooboabaood

gobgbooobooboobooon:

69. 000O0OOOOOOOOO
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p

sage: 2 < 3.1; 3.1 <=1

True

False

sage: 2/3 < 3/2; 3/2 < 3/1
True

True

gboooooboooobodboolDODOODO:

sage: x < x + 1
x<x+1

sage: bool(x < x + 1)
True

Sage U0 O0OO0OO0OOO0OOODOOODOOOOODOOOODOOODOOOOODOOODOOOOOOOODOOOO
U0 @do)yoooboobo@oObOOdoercion) D0 O0O00O0O0OO0 DOODOODOODOOOOOOOO OO
oo)oooooobooooooooooooooboboooooobooboooooobooobooooooboDbOog
oooooooooooooobooooDbOooOoooooOoooboo0oOooDOooOooobobooOoooobooOg
ooo0bD(@OoOobDoO)oooOoOoO0oDOO0U0DDOOO0O0 is0000O000 PythonO intd 10000
O0OSaged Integer 0 1000:

p

sage: 1 is 2/2
False

sage: 1 is 1
False

sage: 1 == 2/2

True

.

0000000000000 0DO0O00 FalseOOOOOODOOOOD Q—-F;000000 F5001
0OleQO0O0000O0ODOO0O0OO0ODODODOOOOOOOODODOOOOODODODZ—FsO0D000O
U0 Trued 000000000 O0OO0DOOOCODOOOOOOODOOOOOOODO

sage: GF(5)(1) == QQ(1); QQ(1) == GF(5) (DL
False

False

sage: GF(5)(1) == ZZ(1); ZZ(1) == GF(5) (1)
True

True

sage: ZZ(1) == QQ(D)

True

O0:Sage 0000000000 1€eF;01€QUOD0O00OD0OMagmal0 00000000

sage: magma('GF(5)!1 eq Rationals()!1') # optional - magma [0 O 00O O magma O O [
true
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610 O O0DOO0OOOO

0 O : Martin Albrecht (malb@informatik.uni-bremen.de)
00o000o00oooooooooooooDOo --0booogood

gbooooooooooooboobbooboobooobooobooooboboobooobooooooboooon
gboboboboaoboooboobuoobobobobboboobooboobuooboboooboaoboa
00000 0o0obo0oobOo0bDOoobOoODOPython/Sage D OO0 O0O0OODOOODOOODOOOOOOO
gooood

gboboobuooboobobobdbtdpeprun 000000000000 0prun 0000000000000
oooooooboooooboobooogobobooooboobooo@ooboo1oobobooooHo
gbooooboboooooboon:

sage: k,a = GF(2**8, 'a').objgen()
sage: A = Matrix(k,10,10, [k.random_element() for _ in range(10%10)]1)

sage: %prun B = A*A
32893 function calls in 1.100 CPU seconds

Ordered by: internal time

ncalls tottime percall cumtime percall filename:lineno(function)

12127 0.160 0.000 0.160 0.000 :0(isinstance)

2000 0.150 0.000 0.280 0.000 matrix.py:2235(__getitem__)

1000 0.120 0.000 0.370 0.000 finite field_element.py:392(__mul__)
1903 0.120 0.000 0.200 0.000 finite field_element.py:47(__init__)
1900 0.090 0.000 0.220 0.000 finite_field_element.py:376(__compat)
900 0.080 0.000 0.260 0.000 finite field_element.py:380(__add__)

1 0.070 0.070 1.100 1.100 matrix.py:864(__mul__)
2105 0.070 0.000 0.070 0.000 matrix.py:282(ncols)

000 ncalls ODODODODODDOOOO tottime OO0 O DDODODOOOOOO (@COODDODOOOOOOO
O0000000)O percall O tottime 0 ncalls OO 0O0O0OOOOOOOOOOO cumtime O
dddddddOoOoooooooooooDoooOoOoOODOODOObO (MOo0000d0o0doooooao
O0000000)0O000 percall 0 cumtime OO0 00000000 DODOOOOODOOOOOOODOO
filename:lineno(function) DO OO0 OO0O0OO0OOO0O0ODOODODOOOOOOOprun00000OO0OO
oooOo0oo0oOo0oOoobOOo0bOoo0bOOoDo0oOo0oo0ooOo0obOoobOoooooooooa
ooo

gbobooboobobbprun?000000O00O0CODOOODOOOOODOOODOOOOODOOODOOO
gooooao

gobobobooboooboobooboobobobobobooboobooboob:
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sage: %prun -r A%A
sage: stats =

sage: stats?

O0:stats = prun -r A\*AOOOOOOOOOODOOODOOODOOOOOO prunO IPythonO O OO
0o0o0oooOooOoooOoOobOooboobOoooa

Uo0000o0b0o0bD0bo0ooboobbo0bo0bOOhotshot OO OO OO hotshot2cachetree D0 O
000 kcachegrindDODO0OO (Unix DO D0)O0DO0O000O000O0O0O00O0OO0O0O0O hotshotODO OO
gbooooood:

sage: k,a = GF(2**8, 'a').objgen()

sage: A = Matrix(k,10,10, [k.random_element() for _ in range(10%10)1)
sage: import hotshot

sage: filename = "pythongrind.prof"

sage: prof = hotshot.Profile(filename, lineevents=1)

sage: prof.run("A*A")
<hotshot.Profile instance at 0x414cllec>

sage: prof.close()

000000000 0Db00D0O0DO0O0D0 pythongrind.prof OO OODOOODOODONO cachegrind
0000000000000 ooo0DOoooDoooOoooooooonoono

gobogbooaobooabodaod

hotshot2calltree -o cachegrind.out.42 pythongrind.prof

000000o0ob0O0o0ob0bO00b000 cachegrind.out.4200000 kcachegrindOO0OOOOOO
U000O00000000000000D000 cachegrind.out.XXOOOOOOOOOOOOO
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070 SageTeX [ ][]

SageTeX OO OOODOOOOOSageOOOOODOOO LaTeXOOOOOOOOOOOODOOOOOOOO
UD000000000 SageTeXODODODOOODOOODODODODOODOOO (TeX U SageTex D OO
goboobgoo)d

71 000

0000000000000000 SageTeXOOOOOOOOOOOOODODOOODOODOOOOODOOOO
00000000 SAGE_ROOT/venv/share/doc/sagetex [ 0O 0O OO SAGE_ROOT/venv/share/texmf/
tex/latex/sagetex 000 Python OO OO 0000000 0O0OODOODOOODOOODOO SAGE_ROOT O[O
Sage U0 O0ODOODOOODOODOOOODOO

SageTeX O UODOOOOOOOOOOODO SageTeXOODOOOOOODOO (TeXUO SageTeX OO OO OO O
0)HOOOOOOoOODOOOOD st_example.texOOODOOODOOO0OO0OODOODOOODOO:

ob: DO00O0000 "ive'OO0O0O0oO0O0obOO0OOO0OOODODOODODODODODODODOD
O "static'D0000D00OC0OO00ODO

\documentclass{article}
\usepackage{sagetex}

\begin{document}

Using Sage\TeX, one can use Sage to compute things and put them into
your \LaTeX{} document. For example, there are
$\sage{number_of_partitions(1269)}$ integer partitions of $1269§.
You don't need to compute the number yourself, or even cut and paste

it from somewhere.
Here's some Sage code:
\begin{sageblock}

f(x) = exp(x) * sin(2*x)

\end{sageblock}

The second derivative of $£f$ is
(COooOooooo)
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(Cooooooooo)

\[
\frac{\mathrm{d}*{2}}{\mathrm{d}x*{23}} \sage{f(x)} =
\sage{diff(f, x, 2)(x)}.

\]

Here's a plot of $f$ from $-1% to $1$:

\sageplot{plot(f, -1, 1)}

\end{document}

.

U0 st_example.texJOUOOO0O0O LaTeX O OO OODODOO LaTeX O OO O OOODOODODOO
gooo:

Package sagetex Warning: Graphics file
sage-plots-for-st_example.tex/plot-0.eps on page 1 does not exist. Plot

command is on input line 25.

Package sagetex Warning: There were undefined Sage formulas and/or
plots. Run Sage on st_example.sagetex.sage, and then run LaTeX on

st_example.tex again.

000000000 0OLaTeXOOOOODOOOOOODOODODOOODOOOst_example.sageO0 OO OO0
O0000D00O0000D000 st_example.texOOOODOOOOODO Sage0 0000 0OOOODOO LaTeX
0000000000000 st_example.sagel Sage 00000 0OD0ODOOODOODOODOODOOO
0O st_example.tex OO 0O LaTeX OO OO OOODOOOOOOOOOOOOOOOOO st_example.sout
U0b000b00b00b00O0Ob0O0O0ObDDbOnDD SageDO0OD0OO LaTeXODOOODOOOOOoooo
dodoboooooobooooobooo EpPSO0000oboooooobooooobooooooa
OLaTeXOOOOOOOOOSageDOODOODOODOOOOODO LaTeXOOODOOOOODOODOOODO

0000000000000 0000000000D000000O sageblockO00 SageO OO0 OOOOOO
000000000 Sage00000O00DOODOOOODODOQO\sage{foo} 00000 Sagedd latex(foo)
000000000000 LaTeXOODOOODOODOOODOODODOODODOODODOO0ODO0ODOooOooood
000 \sageplot{foo} 00 foo.save('filename.eps') DO OOOODOODOOOOODODODOOOOOO
ooooo

goboboobooboobooobooboon:
e LaTeX O texOOOOODOO
- 00000 sage0ODOODO SageJ OO
e LaTeX O tex OO OOODOOO
U000 LaTeXOODOO Sage 0000000000000 Sage000000O0O0O0O0OOOOODOO

SageTeX U UDDOOODOODDODODOOOOODOSaged LaTeXO OO OODOOODDODOOODO SAGE_ROOT/
venv/share/doc/sagetex D00 SageTeX O OO DO OODODODOODOOOOODOODOOOO
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7.2 TeXO SageTeXO OO OO OO

Sage U0 O0OO0O0OOOOODOODOOOOODOOODOOODOOOODOOODOOOODOOODOOO
O00o00ODbD0OO0SageTeXODOOOOOOOOoooooO

SageTeX DU ODOOOOODO Sagee UDDOOO0OD0ODOOO0O0O LaTeXOOOOOOOOOOOODODOOO
SageTeX OO DOODOODO Sage DO DOODOOOOO0O0OO0O0LaTeXOOOOOOOOOOOOOOOO TeX
O0000 SageTeX O OOOODODOOOODOODOODO

0000000 TeX O sagetex.styUOOOO0OO0O0OO0OO0O0OOO sagetex.sty [0 SAGE_ROOT O
Sage OO 0OD0ODOOODOODOUOODOOODOODODOODODOOSAGE_ROOT/venv/share/texmf/tex/
latex/sagetex/ 00000000000 TeXO sagetex.styUOOOOOODOOODOONODOOOSageTeX
00000000 o00oooobO0o0D0o0obOoooooooooooon

- 000000000 0ODOO0ODDO sagetex.styUODOOODO LaTeXOOOOOOOOOOOODOO
gbobobooooooTeXiooboooooooooboooobaobaoboobgoboooboaoo
googooo

ooboooooooooboooboobooobboobboooooooobooboobooooan
Ubodbuioibd sagetex.styOdooooooooboooboooooboboaboaaoo
D000 SageOODOOOO SageTeXODOODODOOODOODOOODOOSageTeX U OO OO Python
U000 LaTeXOOOOOOODOOOOOOODOOOOOODOOOOOOOOoOOooOO

- 00000000000 TEXINPUTSUOOOOOOOOOObashOOOOOOOODOOO

export TEXINPUTS="SAGE_ROOT/venv/share/texmf//:"

000000000000 SAGE_ROOTO SageOODOOOOOOODOOODOOODOODOOOO
oboooboooooo20000000000000000000O000O000TeXO000000
SageTeX O D ODOOOODOOODOOODOOODODOOOOODOODOOO JwashrcOOOOOOO
0000000000 0000000D000bashO00D0D0OO0O00O0DOOOO TEXINPUTSO O
goboobobooooooboooboooooboobooooooboobboooboOooboooboaon
obooooobooooon

O00000000D0D00000 TeXShop O KileDO O OO Emacs/AucTeX OO DOO0OO0O000OO
boboboboobooooooooooobobobobobOobOoboooboooooooooo
0000000 LaTeXOOOOOOOOOOODOOOO

O0Do0oOobOboO0n SageODO0O0DOO0ODOO0OOOOO0ODOODOOOOOODOODOODOOO
Ub0o0o00O0b00000b00 saGErRoOTOOOOOOOOOODOOOOODOO0OOn

« TeX O sagetex.sty 0000000000 @COOOO0)OOOOOOODOOOOOOOOOOO
goboooboooboooboooboooboobobooobTeXoboooboooooa
O00D0O0o00ooO0o00DOo000bO00oDOD00D texmf 000000 DOOODOOOO
gboboooOoboooooboboooboobooooobooooooobn

kpsewhich -var-value=TEXMFHOME

000000000 /home/drake/texmf [0 /Users/drake/Library/texmf 0000000000
0000 SAGE_ROOT/venv/share/texmf/ 00 tex/ 0 00000000O0O00O0O0COOOO texmf
ooooooono
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cp -R SAGE_ROOT/venv/share/texmf/tex TEXMFHOME

O0000D000000SAGE_ROOTOODODO SageDODODOODOOODOODOODOODOOOO
O00000D0O0 TEXMFHOME D OO OO kpsewhichOOOOOODOOOOOOOD

Sage U0 DOOOOOOODODO SageTeXOUOOOOOOOOODODOOOODODOODODOOOOOOOO
00000000 SageTeX O Sage TeXUOOOOOODOOODO

- 00000000000 DLO00D0OO0DOO0000000D000 sagetex.styOOODOOODO TeX

ooboobooOoobooobOooboobo0o0ob0oob0O0 TEXMFHOMED OO OOOoooao
oood

kpsewhich -var-value=TEXMFLOCAL

O000000DO0O0O0000000 /usr/local/share/texmf 0O DO00O00O0O000OO0O00OO
OO0 texOOODOODOO TEXMFLOCALOODOOOOODOOOOOOODOOO TeXOOOOODOOO
gobooooboooobobooboooobooooboboooobooon

texhash TEXMFLOCAL

000000000000 TEXMFLOCALO OO OO00OO000o0ooooooobooooooooogoo

U00000 SageTeX O ODOOOOOOOOOOOOOOSage0 OOD0OOODO SageTeXOODOOO
goooo

O0: O000O00LaTeXOOOOODODOOO sagetex.sty DO OO OOSage 00000 SageTeX
000000000000 DO0O0ODO0OD0OSage00OO0DO0O0OODOOOOODOOOODOOOOD
O sagetex.styJOODOO0OOODOODOOOODOOOODOO

SageTeX D UDOUODODOOODOOOOOOOOO texmf 000000 0OOOOOOOODOOOO (OO
OooooooooO)oooooooooooDboOooO0oO0oooDoObO000o0ooOoO0O0O0000Sage
0000 SageTeXOUOOOOOOOOODODOOOOOOOOOODODOOOOOOOOOODOOOOOO

7.2.1 SageTeXO OO DO OO

0000 Sagee OO0 DOO0ODOOODOODOODOODODOODOO SageTeXOOODOOODODO SAGE_ROOT/
venv/share/doc/sagetex/sagetex.pdf 00000000 0O0O0O0OOO0ODOOOOOOOOOODOOOO
00000000000 LaTeXO SageTeXOOOOOODOOOODOOODODOOOODOOOOO (example.tex
O example.pdf 00 0)DOODOOOOODODO SageTeX OO OO0O0ODOOOODOOOOODO
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7.2.2 SageTeX O TeXLive

O000000o0ooooDDOo0o0O00000oO00 TeXDODDOOOOOO0O0O00 TeXLive 2009 O SageTeX
gbooouoboooobOobooooboboooboobOoboboobOOobOo0nbSageTeXoOOOooono
00 Sage D LaTeX OO OOOODOOOOOODOOOSaged SageTeXOOOOOOOOOOOOOOOO
TeXLive UODOODOOODOOO00ODODOOOODOOODOOOOODOOODOOODOOOOO (2013030)0
O0000 LinxOO00O0O0O0D0OO00DDOO00 TeXLive OODODOODOOOOOOODOOOO 20090
Ub0ooboobO0ob0oooboobObOo0ong SageTeXOOOOOOOOODOoOooOoooooOoooQao
ooog

D000 D000 O00D0O0000000DSageTeXU LaleXOOOOOODODOOODOOOODOOO
Sage U0 OUODOO0OO0O0ODOOODOOOO0OOO0DOOODOODOOSageTeXO Saged OO LaTeXODOOODO
000000o0o0o0O0o0obO00oboO0ob0obO0oO0bD0O0SageTeXO LaTeXOOOODO TeXLiveODOOOOOOO
oooooobooooooo
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80 oo

8.1 0O PyhtonO OO

8.1.1 PythonO O O
Sage 0000000 O0D00OO Python([Py]000)00000000000000000O00OOOO0O
000000000000000000Python000000000O0:

- J000D0O0O0ODOODOObOOOOPYthonD O O)OODOODOOODODODOODOODO
googoboooboobgooboboboboobooboobooobooo

booboobooooboobooboo ooooboooooooooooooooooooooooooo
obobooboobooooooooboooooboboboboboOobOobooooooooooon
gooooooooooobooooooo

- 0J0000:PythonO0000O0OO0OODOOODOOODOOODOOODODOOODOOODOOODOOOOO
ooboooboboooooboooobooooobooooooooooboooobooooboooobooon
oood

« PythonOUOOO00 OO0O0000DOD0OO OD0Sage000OD0O0OOOO0OOO0OODODOODOOOO
oboooboooboooooo200000300000000000000000 (000 twisted O
oboooooobooobooooooo)ybooooooobobooooooboboooooobooboo
oono

- J0000:0000000000D000D0OCPythonO 0000000 OO0OCOOOOOOOOOO
oooooobooooon

OO0O0O0:python 0000000000 DDOODOOOOOODODOOOOOOOODODOOOOOOO
oboobooooooobooobooooooobooobooobooooboooobooobooobooaon
oboooooooooooo

- J0D00:00000D000D0DO0ODbOODbOObOOOOPYthonI D OODOOODOOOODOODODOO
obooboboooooobooobooobooooooobooobooboooobooobooobooaon
oood

« J0D00O0OD:PythonODO00D0OOO0DOOODOOOOODOOODOOODOOODOOODOOOODOOODOO
gbooooobooogn

- J00D0:00000 0000 DbO0O00 Magmall MaplellMathematicall MatlabDGP/PARIO GAPO
Macaulay 20 Simath OO0 O 00000 Sage 0000000000000 PythonODOODODOODOO
OO0000o0000oDoO0oooooog pythonO00O0OO00OO0DOOOOODOOOODOOOOOO
obooooOobooooboooobooboooogn ([PybeviOOO)O
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812 000000: Sage Python 0000

PythonOOODODO0ODOO0OO00O0DODOOOO00OSage0D PythonOOOOOODOODOOOOO0ODODO

- J000OD0O0O:*0A~0000000.PythonO0O A0 "xor"OOOOODOOO0OODOOOCOODOO

OO000PythonOO

>>> 248
10

>>> 3A2
1

>SS FPEY
9

oo+~0000000D000O0O0DO0MOO0OOOOO0O0ODOO0OOODOObOOODOObOOODbOOOn
O0D000000Sage0 0O 0OPythonD OO OODDOOOODOOODOOOODOOOOOOODO A0 *=0
gooooooooogon:

sage: 248
256

sage: 372

9

sage: "3A2"
13A1

Sage DO OOOOOOO XOROOOO ~A0O000O00O0OCOOOOOO ~A=00000000R0:

sage: 3AA2

1

sage: a = 2
sage: a A= 8
sage: a

10

gbooo0O:PythonO0OD0O0O0 2/3000000000000000000Python000 mO n0O
nt000000m/mnO000m0n000000 int000002/3=000000000000Python
oooooooooooogooboob 2/30000000 0.6666... 0000 2//306000000
gbooooobooooooboon

O00000000000D0Sage00000000O00OO0O0ODO IntegerQOOO0O0OO0O0O0DOOO
gboooboooboobooboobobboobbooboobooobod:

sage: 2/3

2/3

sage: (2/3).parent()
Rational Field

sage: 2//3

0
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«UJ00:Python00D0O0COOOOOItO000000D0000O0D0O0DOO0OOODODNODOOPython
ooooooooeGvpObOOOOoOOOOOobOOOOOOODODOOO0 ItOOO0OOODODOO
ULoobobobooboboobooboobo(@obouobobobooooooobon)bSagenn
goocoocoMpPC-OOO0OO0O0OO0O0OO0OOOO0OOOCOOODOOOOLOOODOOOOOO0

Sage OO0 ODOOODOOOOOODOODOOO)PythonOOODOODOOODOOOODOOODOODODOO
PythonO0OO0O00D0ODODOOO0O0O000O0O0CCO IPythonD0ODO0OOOOOO0O0OODOOIPython OO
obodoooobOoobooooooooboooobooooOooboOoon pythonOOOOOOOOOO
Sage UOODOOD0OOD0ODO0OSage0 0000000 ODOODODOODOODOODODOODODOODO Python
gobogoooboooboood

(O0DO0O0O0D00O0O00D0 PythonOODOOOOODOOOODOOUOODOOpythondODOOOODODO sage
-python 000000000 0O0OO0ODOO0OODOOOODOO sage -python setup.py install 000
oood)

82 Sage I IDOODOOOOODOOOO

Sage D0 OO0DO0OO0ODODOOODOOODDOOODOOOODOOODODOOODOOODD SageOOOO
obooooobobooooobooooboobooooobobooon

U0000bD0o0boo0dDOSaged webO O OOOOooooooooobOoOoooOoooooobooOoo
OO0 Sage 00 ODO00DO0O0O00OO0O0DOO0ODOOOOOODO0OOODOOODO Sage Developer's Guide
000000000 Googled00OODO sage-devel UOODOO

83 Sage OO OO0

Sage 0000000 D0000O0DOSae 0000000000000 0000000O000000000
000000000000000 (Version8.7000000000000000000000000O0O0
oo):

[Sage] Sage Mathematics Software (Version 8.7).
The Sage Development Team, 2019, https://www.sagemath.org.

O000Sage 00000 PARIOGAPO SingularDO Maxima 0 0O 0000000000000 O00OOOO
gbooooboooobooboooobobooooobooooobooboooobobooooooboon
00000000000000 GoogleI DO OO sage-devel OO OO0OO0OOODOOO0DOOODOOOO
go/00000000bo0booonog

O0o0ooO0O0OD0O0O0O0000000000000000000000000 Google 0000 sage-devel
obooooboooooooboo

OO0 Sage0OODOOOOODO
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090 OO0

91 0 0D00OD0DOODOOODOO

O342*4 + 2650 0000000000000 0DO0O0OO0ODOOO0 @)oo ooomwoooo
0000000000000 00D000O0OG.Rossum O F. Drake 0 00O Python Language Reference Manual
0s§s.40000d0bobobooboooboooboobooboobooboobobnbonoo

ggod gd

or good

and aooo

not ogood

in, not in ogoooao

is, is not gooooo

>, <=,>,>=,==1= 00

+, - gooono

* 1, % ogooooooo
**,/\ oon

00000 342%¥4 + 26500 000000000Sage0 0000 ((342)*4) + %5 00000000
gboboooooono 200 9b00buoboong +2)*4Ud2xs0000000000000000
oboooooooobooo
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